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ABSTRACT

A molecule in a bulk liquid is subject to intermolecular forces. A molecule in a thin liquid
film may experience additional intermolecular forces, if the thin film thickness h is less than
roughly 100 nm. The additional forces arise from the molecule’s proximity to different materials
or phases sandwiching the thin film. The effect of these intermolecular forces at the continuum
level is captured by disjoining pressureI1. Since IT dominates at small film thickness, it
determines the stability and wettability of thin films. To leading order, TT1=TII (h) because thin
films are generally uniform. This form, however, can not be applied to films that end at the
substrate with non-zero contact angles. Recently, a new procedure for deriving disjoining-
pressure expressions has been developed (Wu and Wong 2004). In this approach, the total energy
of a drop on a solid substrate is minimized. The total energy contains an interaction energy,

which is found by pairwise summation of van der Waals potentials. Minimization of the total

energy yields T1=TI(h,h,,h,,). The current work extends the summation to the Lennard-Jones
potential. Disjoning pressure TI1 :H(h,hx,hxx)is also found, but the new expression accepts a
much larger class of equilibrium drop and meniscus shapes. For example, a drop can have a
precursor film of a finite or infinite extend and two drops can be connected by a precursor film
and the unit repeats periodically. The last section discusses the stability of uniform films and the

influence of intermolecular potential parameters.

Vi



CHAPTER 1. INTRODUCTION

A macroscopic liquid film on a solid substrate can be analyzed by the macroscopic properties

such as viscosity, capillarity, and gravity (Hocking 1993). However, additional forces must be

considered if the range of film thickness is under 100nm. These forces come from inter-atomic

activities between the liquid molecules and the solid or vapor molecules surrounding the thin-

film. If the liquid-solid attraction is stronger than the corresponding liquid-liquid attraction, then

the additional forces will be attractive, and vice versa. These thin-film forces affect the film

shape. For example, gas bubbles in contact with each other in a surfactant-filled liquid are stable

for a long time. The lamellar films separating the bubbles tend to become thinner due to the

pressure difference. However, there exists a force that prevents the thickness of this film from

decreasing. This repulsive force between surfaces is called disjoining pressureIT. Derjaguin and

Titijevskaya (1957) found that the disjoining pressure balances the capillary pressure and is equal

to the pressure differences between the normal pressure in the film and the liquid pressure. By

using Dejaguin’s approximation (Israelachvili 2002), the interactive force is directly calculated

from the potential energy. Due to this fact, disjoining pressure is also referred to as the change of

Helmholtz free energy per unit area for closed thermodynamic systems.

Many researchers (Oron et al. 1997, de Gennes et al. 2003, Davis and Troian 2003) have



studied thin films by using disjoining pressureI1=A/67h®, where A is the Hamaker constant.
They have calculated models equilibrium profiles of uniform and non-uniform films and film
breakage. However, this disjoining pressure is divergent ifth — 0 and this limitation cast doubt
on its validity when a liquid film ends on a substrate. Thus, some researchers focused on the
microscopic area near the end of the film on a substrate. Miller and Ruckenstein (1974)
calculated contact angle dependent intermolecular interactions of a liquid wedge on a solid
substrate. However, this expression is only a function of the film thickness. This disjoining
pressureIT isgivenas IT=-dP/dh where P is the long-range tail of the energy of a flat liquid
film of thickness h. Hocking (1993) considered a disjoining pressure model that depends on
including both the height and the slope of a liquid film assuming van der Waals attractive
potential. However, the intermolecular potential in his model does not imply equilibrium
although the potential is constant at the interface. In addition, the relation between disjoining
pressure and intermolecular potential is not clear and the contact line can move without slip. Wu
and Wong (2004) remedied this problem by using a rigorous derivation procedure. To
demonstrate ultra thin-film phenomena, their model needs another terms in addition to the long-
range attractive component. Here, by using the Lennard-Jones potential, a short-range repulsive
component is added. Repulsive potentials play an important role in ultra thin-film phenomena.

Verlet (1972) showed the important roles of repulsive forces in the Lennard-Jones liquid and



Weeks et al. (1971) used this assumption to find the effects of repulsive forces in constructing the

equilibrium structure of liquid. The Lennard-Jones potential can be used as a model for

monatomic liquids, such as He and Ar.

Brochard-Wyart et al. (1991) classified drop shapes into three categories depending on two

factors: Hamaker constant (A) which describes van der Waals interactions, and the spreading

coefficient (S) controlled by the short range potential. By varying these two factors (A and S),

drops are divided into three different states: complete wetting, pseudo partial wetting, and partial

wetting. Brochard-Wyart et al. (1991) also theoretically proved a pseudo partial wetting case by

investigating the free energy of the system. Many experimental research papers have supported

dewetting phenomenon by using various materials (Silberzan & Leger 1991, Moon et al. 2004,

Gokhale et al. 2004). They followed the definition of pseudo partial wetting as a spreading film

in equilibrium with a non-zero finite contact angle (Brochard-Wyart et al. 1991). Reiter et al.

(1999) demonstrated the equilibrium state schematically by using different cases of Gibbs free

energy.

This work extends the study of Wu and Wong (2004) by replacing the van der Waals

potential by the Lennard-Jones potential. Both excess energy and disjoining pressure isotherms

are developed by using this new model. The Lennard-Jones model is needed to form a precursor

film because existence of this ultra thin-film depends on the repulsive component of the potential.



The augmented Young-Laplace equation yields various drop shapes, including that of pseudo

partial wetting, by controlling the pressure difference. In addition, the stability of uniform films

is analyzed.



CHAPTER 2. DERIVATION OF DISJOINING PRESSURE

Consider a mono-atomic liquid drop without charge on a smooth solid surface and in
thermodynamic equilibrium with its own vapor at constant temperature, as illustrated in Fig. 2.1
The drop size is assumed small to neglect gravitational effects and the interface is located
following the Gibbs model. The total energy of the system is fundamentally driven by
thermodynamic equilibrium (Yeh et al. 1999). The drop is also assumed to be two dimensional
and symmetry. In this system, the total energy consists of surface energies and an excess
interaction potential energy E. The mass of the liquid drop and the temperature of the system are
constant. After applying the symmetry condition, the energy of this system is obtained by
considering half of the drop from the center of symmetry to the end of the liquid drop. In
addition, the total energy of molecules is minimized when the system reaches equilibrium. To
identify this minimum energy state, a variation method is used and the variation of this total
energy is null (Morse and Feshback 1953, Courant and Hilbert 1953) :
5X(j)o[o-(1+ hX2)1/2+o-fs—o-Sg +E+pch}dx:0 ) (2.1)

where ¢ represents the variation of a functional, h is the film height, x is a horizontal coordinate

starting at the center of the drop, h, is the slope at x, and o is the liquid-vapor interfacial

X

surface tension. The arc length of a liquid-vapor interfacial element is(1+ h? )U2 , the half width of
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Solid

Figure 2.1 A liquid drop on a solid substrate in thermodynamic equilibrium. The drop is
symmetric at constant temperature. This system is located in a closed box. The difference
between the equilibrium and fluctuated shapes is denoted by Ah.

the drop isx,, o ando, are surface energies between liquid and solid and between solid and

gas, E is excess energy due to thin-film forces and depends on the film thickness and slope, and
p. is a Lagrange multiplier. The term p_h imposes mass conservation. This free energy
expression has an entropy component. However, this component is canceled after substituting the
energy balance into the Helmholtz free energy function (Kittel & Kroemer 1980, Ash et al. 1973,

Butt et al. 2003). After applying Leibniz rule, Eq. (2.1) is expanded as

X0 ok oh d( oE oh oE
T4 p ——XX——[—) shdx—| — T g
ol oh ¢ (1+ hf )3/2 dx 6hx (1+ hf )1/2 ahx

x=0 (2.2)



Vapor

Solid

Figure 2.2 A wedge liquid film is located near a solid substrate in the cylindrical coordinate
where the wedge slope isy . Position of the liquid molecule M is (R, y, 0) and the other arbitrary

molecule N is located at (r,6,z) where —oo <z <oo. Parameters v,andv,are the shortest
distance from position M to the solid surface and the wedge interface.

where | =-h, x| _, .
All terms inside the brackets in Eq. (2.2) must be zero because shand ¢ x, are arbitrary.

The first term leads to the augmented Young-Laplace equation:

OE  oh d ( 6E
-—+ B+ — =p,. 2.3
oh (1+h3)3’2 dx(ahxj Pe (23)

The second and third terms in Eq. (2.2) give boundary conditions at the center of the drop and

the end of the drop. This equation reduces to that of Yeh et al. (1999) if E =E(h)only. A

disjoining pressure can be defined by comparing with the regular augmented Young-Laplace



equation as

H:—a—E+i & : (2.4)
oh dx|\ oh,

To find the excess energy E, an intermolecular potential model must be selected and the
Lennard-Jones intermolecular potential is used. Figure 2.2 shows a liquid wedge on a solid
substrate. This figure uses the cylindrical coordinate (r,#,z) and the contact angle y is constant.

The Lennard-Jones potential ¢ is

go= e Py On Pu o, Ve P (2.5)
BTMNEZ S OMNETTT T MNEZ MNG T T MNR2 MING

where wvis the strength of the repulsive potential, 5 is the strength of the attractive potential.

Subscripts fs, ff, and fg denote liquid-solid, liquid-liquid, and liquid-vapor states. In fact, Wu and
Wong (2004) published similar results by using the van der Waals potential. Here, | focus on the
repulsive potential terms.

By summing the potential between liquid molecule M and other molecules, the total

intermolecular potential per unit volume at M is shown in Appendix A

(Dtotal - 11520

¢’ By {al(l—p)+p—/1 . a2(1—p)J

3 3
6 Vi Vv,

9 9

Moy (byL-6)+256(c—¢)  bA=5) )
Vi Vs

(2.6)

where v, (=Rsiny) is the height of the molecule in the liquid from the solid substrate,

v,(=Rsin(y — 7)) is the distance between a liquid molecule and the liquid surface, andn;, is the



number density of the liquid molecules. In addition, other parameters are defined as

nsufs ngufg nsﬂfs ngﬁfg
(0: , g:— ﬂ: , =

NtV Nt Vg N¢ B n¢ B

a =1+32cosy—1cos’y,

a, =1+2cos(y — y) —1cos® (- ),

b, =128+ 315c0s y — 420cos y* +378cos y° —180cosy” +35cos y?, (2.7)
b, =128+ 315cos(y — y) — 420cos(y — »)* + 378cos(y — )°
—180cos(y — )" +35cos(y — 7)°.
Excess energy E is defined as
h
E= ,[(q)total —q)w)dy. (2.8)
D

Here, @ is the bulk component of ® as the height of M diverge to infinite. The bulk component

must be subtracted from the total intermolecular potential @® because @, includes both

total
thin-film component and the bulk component and because E is an interaction energy due only to

thin-film forces. The value of E is evaluated in the limit h, — 0 to yield (Appendix B)

T 0g (1= l-c¢ 1) M Ba (1= 1-p. 4
E= + h — + h,™ |. 2.9
40h® [63 64 j 4h? ( 3 8 Xj 29

Following equation (2.4), a disjoining pressure is expressed as

I1 :J—g[nm —h,” +%hhx8hx><j_hs_3(a4 —h’+ ZthZhXX)’ (2.10)
63m2v, (1— 3m? B (1—
Where T = fog (1—¢) 5= t B ( ,0)’ 2.11)
320 16

1 1
. :(MJN . 2(8(1—1)]4.
567(1—¢) 91-p)

This disjoining pressure includes a repulsive component as well as the attractive component



derived earlier (Wu and Wong 2004). It also allows a liquid drop on a solid surface to have two

angles in the partial wetting case: a macroscopic contact angle («) and a microscopic contact

angle at the film edge ().

10



CHAPTER 3. BOUNDARY CONDITIONS

Two boundary conditions in Eq. (2.2) are imposed at x=0 and x = X,. The boundary condition

at x=0 lead to
2h, _Tmvg(@-gh’ By (-ph’ 51)
(1 N hXZ)“z 256h° 4h® ' '

This boundary condition impliesh, =0. The second condition atx — x, is

+0 — 0y +E—hxa—E

~ =0 (3.2)

X

_c
<1+ hf)u2

Form Eq. (2.9),

10 1, 10 4 |4
e-n BT —he | Sta —h | (33)
on, 8l h 2(

X

Far from the precursor film, the repulsive term is weak, and we recover the case studied by Wu
and Wong (2004), in which

h, — «, (3.4)
near the macroscopic contact line. Thus, « is the macroscopic contact angle at the macroscopic
(apparent) contact line. For the augmented Young-Laplace equation to be well behaved ash — 0,

we need (Appendix G.3).

hy| = 7,h® =h® =h® =n® =h® =p® =0, K - 2888(n” - ") (3:5)
' ! 3 ! '
nT

11



whereh™ = 5"h/6x". When these conditions are imposed in Eq. (3.3), we find ash — 0,

E
* oh

X

E—-h —0.

9
(1+ hxz)l/2

Thus, the Young equation holds near the microscopic contact line.

+0 —0g 0.

12



CHAPTER 4. AUGMENTED YOUNG-LAPLACE EQUATION

From Eq. (2.3), the augmented Young-Laplace equation is

0, = oh,, +%(77m _h 10 +%th8hXXj —%( “_h,*+2hhh, ) (4.1)

The pressure difference p, = p; —p, is equal to the capillary pressure plus the repulsive

component of the disjoining pressure plus the attractive component. There are two contact

angles: microscopicz and macroscopic « . Both the macroscopic and microscopic contact angles

are affected by intermolecular forces.

The governing equation is non-dimensionalized. Let H =h/h,, X =ax/h, (where hyis an

unspecified film thickness), then

10 0 5 8 4 2
“H P +5HH, ®H -
CoHy +R g X g x Pxx | 1-Hy +2|;|Hx Hxx , (4.2)
H H
2 8 10

h
g=Sa2’R=T(x8’§10=(ij ’C:pcg, 43)

oh, oh, o oo

where C is a non-dimensionalized pressure difference, ¢ and R are strengths of van der Waals and

repulsive potential components non-dimensionalized by surface tension, and¢ is the ratio of

nanoscopic contact angle to the macroscopic contact angle of the main drop.

It is possible to integrate Eq. (4.2) with respect to H as

13



Ty 4 10 _py 10
;HX2+5{12HX ]—Rfé——lii—]=CH—%K, (4.4)

H? gH?®

where K is a constant of integration. This equation is needed for determining the precursor film

thickness.

Next chapter will show how to find uniform film thicknesses.

14



CHAPTER 5. UNIFORM FILM SOLUTIONS

Two uniform film solutions have been found from the augmented Young-Laplace equation.
These two cases satisfy the same conditions: zero slope and zero curvature. By substituting these

two conditions into Eq. (2.11), we find

C=—ef£?)+R{§gj, (5.1)

where H is the uniform film thickness. The parameterse, R, and & all depends on the molecular
potential of the liquid drop, and are fixed for a specific liquid. The parameter C, however, is the
dimensionless pressure difference and can be varied. For a given value of C, there are nine
solutions of the film thickness H. Six are complex and three are real as shown in Appendix D.

Another relation between C and H comes from the integrated Eq. (4.2). By imposing the
boundary condition at the center of the drop: H =1 and H , =0, we find the integration constant K
as

e Rgglo

K=-C +>- : 5.2
> 8 (5.2)

Thus, the integrated equation with H, = 0becomes

_ga+H)+R§ma+HxL+H6a+H4)

C =
2H?2 gH?®

(5.3)

By eliminating C between Eq. (5.1) and (5.3), we get

15



2H? gH®

(H _1){_ (H +2)+(R510J(8+7H +6H2+5H3+4H4+3|—|5+2H6+ H7)
&

}: 0. (5.4)

This equation has two real and positive solutions:H =1 andH =H = Hp(Rélolg) . Other

solutions are either complex or negative for R&™ /& <<1.
If H=1, then Eq. (5.1) gives
C=C,=—-s+R&". (5.5)

IfH =H,, then Eq. (5.1) shows

C =C2 =——4 . (56)

As shown in chapter 5, these two valuesC,andC, separate the drop shapes into seven groups:
c<(C,C=C,-4,C=C,C=C,+0,C,-0<C<C,;,C=C;,andC, <C, whereois a small

positive number.

No analytic expression is found forH . However, a numerical solution can always be
calculated for any given value of RE'® /& . Results of H, = H p(Rflo /g) are plotted in Fig. 5.1.
Since the precursor film thicknessH ; depends only on R&EY /¢, it is important to estimate

the value of RE™/ & . Consider another form of the Lennard-Jones potential:

()]
p(ry=4e/| —| —|—1| | (5.7)
r r

where e is the well depth and r, is the collision diameter. By comparing with Eq. (2.5), we find

16



1.0
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0.6 ~

Hp
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0.0 . . .

0.0 0.2 0.4 0.6 0.8
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Figure 5.1 Numerical solutions versus asymptotic solutions for the precursor film thicknessH .

This figure shows that the precursor film thickness is proportional to (Rglolg)u6 when
REW /e <<,

v =4er,” and 8 = 4er,”. Following the definition of¢, R, and& in Egs. (2.11) and (4.3), the

ratio is given by

12 12
REW Z(nfuﬁlz—nsufslz) B Z(nfeffrOff ~Ns€st o s ) (5.8)
N 6 6}, 6 6 6}, 6° :

& 15(nfﬁff —NsBrs )”o lS(nfeﬁrOff — N5t Iy g )”o

If we taker, 4 =y =1y, then
10 6

Re” _2[h | (5.9)
g 15( h,

Sinceh, > 1y, the ratio RE™ /& <<1.

17



An asymptotic solution is derived forH, in the limit R&EY /¢ >0 as shown in Appendix E:

:§,+i§,2+ 29 54 3415 P 36353 55+ 4014713 5

H
P 24 288 82944 1327104 191102976

+0(5'"), (5.10)

1
where §' = (R§1° /5)5. This is also plotted in Fig. 5.1. and agrees well with the numerical solution

for o'<<1.

18



CHAPTER 6. EQUILIBRIUM DROPS PROFILES

The augmented Young-Laplace equation includes four parameters: C, ¢, R, and & . Thus, the drop
shape depends on the values of C, &, R and £ . In this chapter, the effects of these parameters will
be studied systematically.

Figure 6.1 shows various profiles of the liquid drop on a solid substrate for different C, with

g,Rand¢ fixed.

1.2
1 EI R e —— _:;_’___/__’__’_/_/_-’_E’/:_CT__
s}:\x ~ ] /"’f
el N N Co+5<C<C1 ;, )
\\ “, \ ;; 7
H o6 L\ N\ C=Co+6 / //
C< 02—{‘) \ \ Ay s
"\__ _ \ f; Y
\.- \\ \\ ;7
0.2 - \ 27
'\\_\.__._k_.....-.‘".' ................................
0.0 | ~ ':\r"’ C=02I—{3
0 1 2 3 4 5
X

Figure 6.1 Depending on the parameter C, the drop profile can be divided into seven groups. In
the legend, C,and C,are critical values for the uniform film and pseudo partial wetting drop

cases, and & is asmall positive number. Here, (¢, R,¢) =(0.01, 5.43x107?, 1).
19
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Figure 6.2 Effect ofson the drop profile. Here, (C,e, R, ¢) =(C,+5,0.01, 5.43x107° 1.0)
when C is close toC, . Depending on the value of C , the length of the precursor film varies.

The reason for C to be selected as a control variable is that the pressure difference is controllable
and the other parameters are characteristics of the material. The profile is calculated by solving
the augmented Young-Laplace equation (4.2) numerically using a Runge-Kutta scheme. This step
size used in the integration is 1072 and the accuracy of this scheme isO(107®).At the center of
the drop, H =1andH =0. This is sufficient to start the integration.

The previous chapter shows two C values: C,andC,. When C=C,, the non-dimensional film
height H=1. If C>C,, then the film height increases and becomes unbounded. When C=C,, the

20



drop has an unbounded precursor film (see Appendix F). If C=C,+ 6, where § is a small positive
number, then the precursor film height starts to increase at some point and another drop is
formed. As & decreases, the precursor film lengthens, as shown in Fig. 6.2. If C=C, -, then the
precursor film ends at the substrate. The length of the film again depends on¢ as illustrated in
Fig. 6.2.

IfC,+ 6 <C<C,, then the drop is attached to another drop without the intermediate precursor
film (Fig.6.1). The two drops are identical.

If C<C,-5, then the drop ends at the substrate without a precursor film, but the slope
changes from unity to& near the end.

Figure 6.3 demonstrates how the precursor film profile changes with intermolecular
parameters ¢and R. If R increases and ¢ is fixed, the curvature of the drop would decrease and
the thickness of the precursor film increases. In contrast, if ¢ increases and R is fixed, the drop is
more pointed and the precursor film thickness decreases.

Figure 6.4 shows that if the ratio R&™/s is held constant, the thickness does not change.

As shown by the asymptotic solution Eq. (5.10), H, — R/ as REC/e —0.

21



1.2

Figure 6.3 Pseudo partial wetting drop profiles for differenteand R. The pressure difference
C =C,-5wheres ~O(10~*) andC,depends one, R and&. Here, C,values were calculated by
substituting Eq. (5.10) into Eq. (5.6).

22
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Figure 6.4 Film profiles for fixed RE™® /s for C,—oJ cases. In this figure, data set of
(C,&,REM™) used is (-0.5, 0.01, 0.0000000543). Here, when C is increased by 10 times, &
and RE¥ are also increased by the same proportion.

Another interesting case is the periodic profiles in Fig. 6.1. The third line looks like periodic
waves. Fig. 6.5 and 6.6 show the period and the area over one period versus C forC, <C <C,.
As shown in these two figures, both period and area would diverge to infinity near the two
critical valuesC,andC, . Physically, this phenomenon is reasonable because a drop near C=C, or
C=C, containes an infinite uniform film or endless precursor film (i.e. there is no period). These
fluctuating profiles have been observed in molecular-dynamics simulations (Sharma and Verma

2004, Xie et al. 1998).
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Figure 6.5 Period versus C for drops connected by a thin-film for fixed intermolecular potential
parameters (&, RE™). If C approaches the critical values (C,,C,), the period will diverge.
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Figure 6.6 Area per period versus C for drops connected by a thin-film for fixed (&, REX). The

area has the similar property as the period in Fig. 6.5. If C approaches a critical value, the area
will be infinite.
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CHAPTER 7. STABILITY ANALYSIS OF UNIFORM FILMS

The evolution of a thin-film with small slopes obeys (Oron et al. (1997))
(7.1)

where t is time and g is viscosity. The liquid pressure ( p, )is formed by the augmented Young-

Laplace equation as
(7.2)

Pr = pg _Ohxx_H’

where o is the liquid-vapor surface tension, p,is the vapor pressure, andITis the disjoining

pressure. Because the slope of the film is assumed small, the curvature in the capillary pressure

term ish,. This incurs an error of O(h ?).

The evolution equation can be made dimensionless by defining

4
ax  toa (7.3)

H=£,X=—,T— .
ho ho g

Eq. (7.1) is transformed into

oH 10,00, _ei-Hisann, Hy) REL-HP 4 HH HG)||

ot 3aX|  oX
(7.4)

This equation admits a uniform film H=1 as a solution. The uniform film is perturbed by a small

disturbance s :
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H(z, X) =1+5(z, X). (7.5)
Eq. (7.4) then becomes

S, Jr%5x><xx +(¢-3REV)Syy =0. (7.6)
In Eq. (7.6), (5—3R51°) is positive (See Appendix F). The leading order equation is linear in
o and amenable to a normal mode analysis:

o(r, X)=e""f(X). (7.7)
where @ is the growth rate and f is the eigenfunction. Eq. (7.7) is substituted into Eq. (7.6):
%f""+(g—3R§1°)f"+a)f -0. (7.8)
Since this equation is linear in f, it admits a solution of the form f=e"* . This gives the growth

rate as

a):—%kz[kz ~(3-9Rre™)] (7.9)

If k2(35—9R§1°)%, the uniform film is stable; otherwise, it is unstable. Thus, long wave
perturbations are unstable.
The above analysis can also be applied to the precursor film. A precursor film of thickness

H=H _ also satisfies Eq. (7.4). The uniform film is again perturbed by H(z,X)=H_ +d(z, X).

The perturbation 6 obeys

1 e 3REY
S, +§ H p35xxxx + (H——H—i)é‘xx =0. (7.8)

p p
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Ifo(z, X)=e""f(X), then

10
¢ _IRe ypn 32 ¢ o, (7.9)
Hp Hp Hp

£+ (

We take f=¢e** | then

a):—%kZH p3[k2 [ 3z Mﬂ (7.10)

4 10
HP Hp

From Eq. (5.10), H, = (Rglo /g)u6 +<R/§1° /e)l/3/24+ ....... Using this relation,

" 10 10 1/6
354_9R§10 _ 354 1_3R§6 _ 354 _5. YRS <0. (7.11)
H H H eH H, 4l e

p p p p

Thus, the precursor film is always stable.
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CHAPTER 8. DISCUSSIONS AND CONCLUSIONS

This work derives a new disjoining pressure expression for Lennard-Jones thin-films. The
expression contains a short-range repulsive term as well as the long-range attractive term derived
by Wu and Wong (2004).

This disjoining pressure is incorporated into the augmented Young-Laplace equation, which
governs the equilibrium drop and meniscus shapes. The governing equation is made
dimensionless by the maximum height of the drop and four dimensionless numbers emerge: C, ¢,
R, and £. The parameter C is the dimensionless pressure difference between the vapor and liquid,
ande, R, and ¢ depend on the intermolecular potential. Hence, C can be varied in an
experimental set-up wherease, R, and& are fixed for a particular material system. We find two
critical values of C:C,andC,. The value of C,=C, (¢, R, &) corresponds to a uniform film of
unit height. The valueC,=C, (¢, R,¢) yields a drop with a precursor film that extends to infinity.

We find that if C>C,, then the film height H ~ X 2as X — «. IfC, <C < C,, then the drop
height is a periodic function of X implying an array of drops. IfC <C,, then the precursor film
terminates at the substrate.

We also study the linear stability of uniform films and find that the film with unit height is

unstable to long-wave perturbations, whereas the precursor film is unconditionally stable.
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APPENDIX A
INTEGRATION OF THE INTERMOLECULAR POTENTIAL

Cylindrical coordinates(r, & ,z) are used here because the liquid film is a wedge(Fig. 2.2). As

described in section 2, the molecules interact through the Lennard-Jones potential. The

interactive potential between a liquid molecule and the solid substrate is

n n
B = [[indedV = 22208 -8 e, A1)
Vs

“MN2Z  MNE
where MN is the distance between the liquid molecule and a solid molecule, and
MN? =R? +r? +2*-2rRcos(d - ), n.is the number density of the solid molecules, vis the
strength of the repulsive component, and S, is the strength of the attractive component.

Because the van der Waals potential part was already done by Wu and Wong (2004), | focus
on the repulsive potential part. The basic procedure is the same as the previous research. Main
application to calculate the intermolecular energy is Maple and Appendix H lists the program.

The integrals are evaluated by the following steps. The first step is the integration with

respect to z:

w 1

Lo 2, .2, 52 _ Gdz
{R°+r“+2z°-2rRcos(0-y)}

1
j“’°{z2 +MN?}
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_ 1 11 Jli COS10 l//d l//

= VNE [sm w Cosy (& cos’ y + 5 cos’ y + 2 cos’ y + 2 cos” y +-22) + L2 WI

637 1
256 {R® +r2 —2rRcos(0 — )}

(A2)

where z=MNtany anddz = (MN / cos? 1//)d w.

The integration with respect to r is performed as

o 1
I — 5 rdr
O {R*°+r° —2rRcos(@—y)}"
0 r—Rcos(@-y) dr
o [{r —Rcos(d — »)} + R%sin2(0 — »)]”
+Iw Rcos(d -y) ar.
o [{r —Rcos(d — »)} + R2sin2 (0 — )]

(A3)

I split this equation into two parts and calculate each part separately.

J-oo r—Rcos(6-y) dr

O [{r — Rcos(d — »)}? + R%sin2 (0 — )]
L 1d{r —Rcos(0 - )}
- Io [{r —Rcos(0 - )} + R?sin?(0 - )" (A.4)
- —é([{r —Rcos(0- )} +R2sin>(0- )] )r

1
9R®’
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J-oo Rcos(6 —y) dr
o [{r — Rcos(d — )} + RZsin?(6 - )]”

__oso-p) i

R%sin' (6 — y) *0-r-%

cos’ wd @

_ o . s : (A.5)
cos(@—y) |sin@cosa{icos’ @+ Zcos’ @ +}
oz

9 ain 10 _ 16 64 128
R™sin™ (0 - 7) | #&cos’ w + £Lcosa} +sinw

_ cos(d-y) §§§+cos(9 P)Esin® (0 —y) +&sin® (0 - 7)}
=
sin (0~ 7) | +&sin* (0 -y) +Lsin®(0-y) + 2

315

where  r—Rcos(d —y) = Rsin(@—y)tan@,dr = Rsin(0 — y)d@ /cos? @. Thus,

o 1
-[0 {R? +r? —2rRcos(6 — )}

rdr

_ 1 cos(9-y) 18 1 cos(d - y){Esin® (0 - y) +&sin° (6 - 7/) (A6)
9R®  R?sin™(0— )| +L&sin*(0—y)+Lsin? (0 - y) + &
Integrating with respectto & is carried out as
r” 1 - cos(@—y) | Z+cos(d—y)HEsin®(0—y)+Esin®(0- 7)
= 9R®  R%sin*(@-y) +&s5in* (0 —y) +Lsin?(@—y) +1&
1 1 -
=% _%m——cota) cot® wfd + L csc’ o + Eesct w + 22 csc’ co}]2 v
256 1 A7)
2835 R°sin®y '
The final result is
J.ZZJ' I rdzdrda_—% (A.8)
= 45 R7sIin” y

This together with the attractive potential component from Wu and Wong (2004) gives
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27 (o0 (o0 nsUfs sﬂfs
Dy :{/J.s.[ns¢fsdv :In IO Iw[Mle VN erZdrdH

:i NV _£ nsﬂfs (A 9)
45R%sin®y 6 R3sin®y '
_insvfs 72' nsﬂfs
45 V19 6 Vl

Wherevl(: Rsin ;/)is the height of the molecular M from the solid substrate (Fig. 2.2).
The interactive potential between the liquid molecule and the gas region is

2 o Mg n,f
@ g =[ngdedV = [7[7[7,——2 -~ rdzdrd@ (A.10)
Vs MN

The only difference is the boundary conditions in angleé&. Using Eq. (A.6) with the new

conditions
" 1 cos(6 - y) 1288+ cos(6 - 7/){93|n (0—-7y)+&sin ®6-7) do
f .
P YOR? Rsin'®(0-y) |+ Lsin® (0 y) +ELsin(6-y) + 128}
1 1
=¥ _%—smg —Lcotw— cot® a){81+11869csc a)+96f5csc a)+2182§5csc o},
- 1 [—128—-315c0s wsin® w—cos® @sin® w ”77
2835R” sin° @ | {280 + 240csc? w +192csc* @ +128csc’ w}

~ 1 (128 +315¢0s @ — 420 ¢os ° + H (A1)
2835R?sin’ w | 378cosw® —180cosw’ +35c0s @’ '

Thus,

ML by 256 _)

n
O = ‘ ﬂ L 1,22 (A.12)
11520 A v1 v,

3/
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a, =%+3cosy—icos’y
a, =3 +2cos(y —y) —4cos’ (v —y)
b, =128 +315c0sy —420cos y* +378cos y°> —180cosy’ +35cos y° (A.13)
b, =128+ 315cos(y — y) —420cos(y —»)* +378cos(y — y)°
—180cos(y — )" +35¢cos(iy — )°

where v, (: Rsin(y — ;/)) is the distance from M to the liquid-vapor interface (Fig. 2.2).

@, is easily found by using the two previous results in Eqg. (A.9) and (Al12). Let @ __ be the
intermolecular potential between M and an infinite body of liquid V , outside a sphere of

radius D surrounding M, and this potential is expressed by

ﬂff dmivg  Amg By
® - = [[[n dv f ﬁ - N A47r?)rdr = - .
-D V.UI.[D f¢ff ,[D r )( ) 9D9 3D3

(A.14)

Let®d_be the intermolecular potential between M and a liquid occupying the vapor and solid

regions and this potential is

n:v v — n 7n —
Ea fgﬁ M ff(b 556 bz)_ﬂ fﬂsff My Py (a131+a_23 _ (A.15)
45 A 11520 A 6 A 6 v v,

(DC:

After summing these two terms, | get the interactive potential between the liquid molecule

and the liquid region as follows:

Dy =D D
:47mefr _ MU (_ b_2 _47mfﬁff +7mfﬂff 2 3 (A.16)

9D 11520 v, 3D° 6 v v,

Because this potential is relative, | neglect the constant terms in Eq. (A.16).
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The total intermolecular potential per unit volume at the liquid molecular M in the liquid is
found by summing Eqg. (A.9), (A.13), and (A.16):

D otal :nf(chs+chg +(fo)

_ M un by(1-6) +256(c —p)  by(=g)
11520 v,° vy’
: (A.17)
e By @ld-p)+p-i 2a,d-p)
6 V13 V23
_ NOFN = NgV1q A= NP o= ngﬁfg . (A.18)
NtV Nt L N¢ B N¢ B
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APPENDIX B
EXCESS ENERGY AND INTERACTION POTENTIAL

The total intermolecular potential in Appendix A includes both thin-film and bulk
contributions. However, we are only interested in the thin-film part. The bulk component is
calculated by taking the particle M in Fig. 2.2 far away from the solid substrate. To find the bulk
component®d_, we assume v, =y — oo in the total intermolecular potential @, . In this limit,

the four parameters in Eq. (A.12) becomea, —> 3%, a, »>1 b —128, b, » 256 . The bulk

component is derived by substituting these values into Eq. (A.17).

_ 256an;nguy 2567 vy aning By +7znf2,8ff

© 115205 11520v; 6v> 6v> B.1)
2 2 '
Mg Vg ¢ P
=— 1-¢)+ 1-p).
1508 1-9) o d-p)
Thus, the net interactive potential is
2
mi Vg b (1-¢)+256(c—¢) (b, —256)(1-¢)
Do) — P, == 11520 (l g V.2 . ¢+ ; V.2 g)
1 2
) (B.2)
M Py al-p)+p—21 (3, -DL-p)
+ ( 3 + 3 ).
6 Vi \F

The excess energy is found by integration of this net potential from h to D. This integration is

done separately for the repulsive and attractive components.
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E=Jp(®-,)dy

_p oy (210=6)+256(c — ) _ (b, ~256)(1—),
=[5 9 9
11520 A Vo

( 3

LBy al-p)+p-i (3, _1)(1_’0))]dy.
6 A v,

From Fig. 2.2 we get

h (h,y +h)?
cosy=————— and  cos(y —y) :{ X
(h? +n2y? )" (L+h3)(h* +hiy?)
he (h-y)*

: h.y .
siny=—-"——and sin(y—y) :{
(h? +n2y?

The repulsive excess energy is calculated by integration of the potential in Eq. (B.3):

(L+h)(h* +hey?)

?ﬂnfzuﬁ [(b — 256)(c —1) 256((/) D, (b, ~256)(s-1) |,

9 9

E -
P 5 11520 Vi v1 v,

Each term inside the bracket in Eq. (B.5) is calculated separately.

(_1)?b 256,

l
{— 35h,° —70h,* —56h 2 —16}
z

+16(1+ hxz)uz(hx2 +1)3

-1
( (1+hxz)7/2 h8

h1 1 1
256(p-1) f_gdy =32(1- (/’)(h—s —§j

(¢ —1)J 256 dy =

2

~128h,"° +448h,"* +560n,'” + 280h,"" +35h,°
sfu+h,2J"*he

Zz}(gl)-
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where Z,and Z, are functions of D,h,andh, . Exact expressions of these two terms are given in
Appendix G.2. In this paper, we assumeD/h<<1. The leading order terms of the repulsive

component in the limit D/h—0 are

—35h % —70h,* —56h > —16+
16+ h,2f*(n,° +3n* + 30,2 +1)) 35 °
L+h*)7"2h 8h®

(c-1

32(p-1) 32(p-1)
My 0g h® D®
P 11520 128h,'° + 448h, ™ 1+ 560h 1* + 280h,° + 35h° } )
8ft+h,” [ he
35h,° +105h,° +126h," +
72h,”> +16-16(1+h *)%?
h8

(B.9)
The term containing D is constant and can be dropped because E is a potential. In addition, this

equation is expanded in the limith, — 0 because ofh (1. Thus,

oy bap-D)+630,°(c-D)] m,*By BA-D+30°(p-1)]

E= 8 2
23040h 96h

, (B.10)

where the attractive component from Wu and Wong(2004) has been included.
Excess energy expression is given by (B.10). Using new coefficients, | get this form as

following
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E_8_T(gnlo+ihxlol_£(§a4 +lhx4j_ (B.11)

“on®\8 64 3?8 8
where
1 1
2 2 - 10 -2) )4
pS8mived-g) o 3miful=p) & (641-9) J”’,a:(MJ. (B.12)
320 16 567(1-¢) 91-p)
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APPENDIX C
ANALYTICAL SOLUTION OF UNIFORM FILMS

The augmented Young-Laplace equation with the slope and curvature set to zero becomes
Co—d L +R£ — CHY+eH®—R&® =0 (C.1)
- H 3 H 9 '

There is no general method to find an analytical solution of the ninth order polynomial. However,

this problem can be converted into a cubic polynomial by defining a new parameterW = H®:

10
wis w2 _Re g (C.2)
C C
This cubic equation has an analytical solution.
X
W1=(51+52)—?2'
1 X, 143
W, =—=(5;+S,) ——2+——(s, —S,), C.3
2 =5 (54 8) =+ (5 5) (C3)
X, 143
W3 =——(s, 32)—?2—7(1_32)
R
slz[r+<q3+r2)2} ,
1 (C4)
113
52=|:r—(q3+r2)2:|
1 3 2
Fr=—>Xg——X,",0=—=X,",
5057k q 92
N (C.5)
X __Re x, =%
0=TT e R E
Thus, H =W 3,

Out of the nine solutions of H, only three are real. To see this point, we expand the solutions.
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Transforming Eq. (C.4) in the complex plane, we find

1
S, :{r+(q3 + rz)ﬂ3 =|3‘Z|exp((2m;+ H)j

. {r_(qsﬂz);f L0

|3C]| 3
where
1
3 2\
ot EC TS
r
3 2 1
o—tant| -9 -
r
Thus,
1= {d leof 2] 2
3C 3) 3c|

andH = 2i
3C

0 2 < 1/3
COS| —*—7 |——<¢ .
3 3 3C

When the expressions of g and r are substituted, we obtain

(q- r?)% | 3J3C-R&P27REC? — 453
ro (27R£0C? — 248

By Taylor’s expansion of 9,
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r r _5 r
s o (C.8)
3 2 )2 3 2 )2
% Lo’ -r*P | ol La®-r?p
r r

Ignoring higher order terms and substituting Eq. (C.7) into @, we find

=
W=

3C 3) 3C C 3¢° 9s°

{2 ¢ COS(Q]_L}US__(ﬁf+(Cj RV, (Cj (Re®V,

1

{2 ¢ cos(e 2”) 1}1/321(%6(%10)% < (Rflo)?’ F— tac’ (Rélo)

3c| \3 3) 3 g 63 1ot

In conclusion, we find real solutions of H:

1
"= (56(%10);_%(%10)2 e Eglrep ©9)

)2 13C? (R 510>
725

The first one is the uniform film with unit height, the second is the precursor film, and the third

IS negative and is not physical.
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APPENDIX D
PERTURBATION SOLUTIONS OF PRECURSOR FILM

The thickness of uniform film is governed by Eq. (C.1):
CH? +eH® —R&EV =0 (D.1)
Here, we solve for H in the limit R&™ 0. If R&EM =0, then Eq. (D.1) becomes
HOG[H03+EJ:0 (D.2)

C

The real solutions are H,=0 andH,= (—g/C)“3(the dimensionless pressure difference C<0
and the parameter £ >0). Thus, we have to expand the governing equation Eq. (D.1) differently
for their two branches.
If HO:(— g/C)l’S, we rescale the governing equation (D.1) by definingh=H/H,:
h®-h®+6, =0, (D.3)
where s, = (C°REY /6% )<<1.

To find an asymptotic solution of Eq. (D3), we expand h as
h=hy +8,h +8,°h, +...... (D.4)
Substituting this h into Eq. (D.3), and equating the o, yields

ho® —hy,
9h,’ —6h05)h1 +1, (D.5)
(36h, —15h,* hy? + (0h,® —6n,° h,.

0
0
0

Thus,
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h=-. (D)
=

and

R
This gives

y _(%f{lé[y;gm}g[czjf’gm}z} 08
This is the uniform film with unit height. It agrees with the first solution in Eq. (C.9).

The other branch H,=0 leads to the precursor film. By balancing the attractive and repulsive
components of disjoining pressure in Eq. (D.1), we getH = (Rflo /5)1/6 <<1. If we define
5,=R&W /¢ andh=H/6,"°, then the governing equation becomes
cs,"21eh® +he —1=0. (D.9)

We expand h as
h=h, +68,"%h +8,h,. (D.10)
Substituting into Eg. (D.9) and equating coefficients yields

(C/&)hy’ +6h,°h, =0, (D.11)
0=(0(C/)h,®h, +15hy"h,2 +6h,°h, )
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Thus,

1( Ch,* 13h,’C?
h=1-6,2| —2> |+ 6 0 . D.12
2 ( 6e J 2[ 72¢° } ( )
This gives
1015 103 10\6
Ho| R _C R P ICIRG (D.14)
& besl ¢ T2¢\ ¢

This agrees with the solution of the precursor film in Eqg. (C.9).
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APPENDIX E
ASYMPTOTIC SOLUTIONS OF PRECURSOR FILM THICKNESS AND C,

The precursor film thickness H obeys Eqg. (D.14).

1+ H REVYA+H )L+ H?))A+HY 1 R&0) 1
_(2+H2)+[ i j(+ TR )+H3_( ¢ JHQZO, €D

Let(R§10 /g)u6 =5 <<1.Thus, H =H(5)and we can expand H as
H=Hy+H5+H,8%+H30° +H,0" + Hg® + Hg6® +0(57). (E2)

When this series is substituted into Eq. (E.1), we find

Hozo,lel,szi,H3 29 3415 |, _ 36353 | 4014713

=, =2 - Hg =il 22 (E.3)
24 288 82944 1327104 191102976

The pressure difference C, that yields a precursor film is related to the film thickness by

10

Substituting H into this equation, then

10
Cz_i(l_lg;}ﬁf (1_§5jz_i+ ...... (E4)
53 8 5° 8
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APPENDIX F
RELATIONS BETWEEN TWO CRITICAL CAPILLARY PRESSURE
DIFFERENCES (c,,C,)

The pressure difference C, yields a uniform film of unit height and C, generates a drop with an

unbounded precursor film. These two critical values are given by

C,=—s+R&Y, (F1)
e REW
C2 = —F'i' 59 . (FZ)

Before comparing C, andC,, we have to find the ratioR&™ /¢ . Since R,& and ¢ all depend

on the intermolecular potential, we use another form of the Lennard-Jones potential:

4(r) = 4e[[r—°j —[r—‘)j } (F3)
r r

where e is the well depth andr,is the collision diameter. This form is compared to that in Eq.

(A.1) and the strengths of the repulsive and attractive components become

. 12
v = 4er, 6, (F4)
B =4ery .

The parametersR,£ and & are defined in Eq. (3.6), and the ratio

10 2ln.eqrry . 2 —ne.r, o
RO (f it To 1 s€st fo s ) 2[%} <1, (F.5)

= 6 6 6 12| h
€ 15(nfef‘fr0ff —Ns€t My Xho) 15{ hy

where we have assumed ry4 =TIy =r,. Sincehyis the maximum height of the drop and

ho>>T,, the ratioRE™/ & <<1.
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To compare C,andC, , we define f=C,-C, and substitute Eq. (F.1) and (F.2) in f:

f=—g+R&Y —{ %jt Rlio}
=ga;E3WH6—dH6+H3+M- (F.6)

IfH =1,f=0andC, =C,. IfH <1, then for f>0, we need
HE —5(H® +H3+1)>0. (F.7)

This is transformed into

(2 - HiH? - H3)> o0, (F8)
where
5 0—+/8% +46(1-06)
H° = , (F.9)
2(1-5)
2
+y3=5+vidffﬁ_5x (F.10)

Thus, we need either (1)H > H,;andH > H,or (2)H <H,andH <H,. Since H, <0, the second

condition is unphysical. Thus, for f>0, we need 1>H > H,. The condition H, <1 gives

36% -456+1>0
or (36-1)5-1)>0. (F.11)
Since o <1, this requires 6 <1/3. Thus, forC, > C,, we only need & <1/3, which is satisfied in

general as shown by Eq. (F.5).
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APPENDIX G
COMPUTER PROGRAMS

G.1. The Fourth-order Runge-Kutta Code

//Main Numerical methods (4th order Runge-Kutta method)

/[To find the shape of 2nd order differential equation. (From "the augmented Young-Laplace

equtation™)

#include <stdio.h>

#include <math.h>

const long double ¢=-0.01+0.001*0.00000543,delta=+0.00001;

const long double ep=0.01,ka=0.001,mu=0.00000543,d=0.01,xmax=3.2,h1=1.0;

const long double bb=(13.0*ep*pow(h1,5.0)+15.0*c/pow(h1,2.0))/(6.0*ep/pow(h1,4.0)+9.0*c

/nl);

long double Equation1(long double x, long double h, long double hx)

return(c*pow(h,9.0)+ep*(1.0-pow(hx,4.0))*pow(h,6.0)-a*mu+ka*pow(hx,10.0))/(1*pow(h,9.0)-

2.0*pow(h,7.0)*ep*hx*hx+5.0/4.0*h*ka*pow(hx,8.0));

o1



long double Equation1(long double,long double,long double); //Using L-J potential

void main()

FILE * fp;

fp=fopen("D:/workdata/data.txt","wt");

long double j=0;

for (j=0.0;j<1.0;j=j+1.0)

/printf("\n step size=");
[Iscanf("%Lf",&d);
[lprintf("\n max. x=");
[Iscanf("%Lf",&xmax);
long double x0=0.0, b=0.1 ,hxiO=delta*22.12565357+pow(delta,2)*(b*22.12565357-
2*22.12565357*20.60948424);
long double hO=h1+delta+delta*delta*(b-bb);
long double hi=h0, hxi=hxi0, hi1=h0, hxil=hxi0;
long double xi,k1,k2,k3,k4,11,12,13,14,kk1,kk2,kk3,kk4,111,112,113,114;
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for(xi=x0;xi<xmax;Xi=xi+d)

fprintf(fp,"\n %.3If %.16If ",(xi),hil);

printf(*\n %.3If %.16If ",(xi),hil);

kk1l=hxil:

I11=Equation1(xi,hil,hxil);

kk2=hxi1+d*I11/2.0;

I12=Equation1(xi+d/2.0,hil1+kk1*d/2.0,hxi1+l11*d/2.0);

kk3=hxil+d*112/2.0;

[13=Equation1(xi+d/2.0,hil+kk2*d/2.0,hxi1+112*d/2.0);

kk4=hxil+d*II3;

l14=Equation1(xi+d,hil+kk3*d,hxil+l13*d);

hxil=hxil+d*(l11+2.0*112+2.0*113+114)/6.0;

hil=hil+d*(kk1+2.0*kk2+2.0*kk3+kk4)/6.0;  //Using L-J potential

if (hi1>20.0)

hi1=0.0;
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if (hi1<0.0)

hi1=0.0;

printf(*\n\n\n"");

fclose(fp);
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G.2. Maple Code for Appendix A and B

> restart:

> al:=h/(h"2+hx"2*y"2)N(1/2):

> a2:=(hx*y+h)/(1+hx"2)N(1/2)/(h"2+hx"2*y"2)N(1/2):

> bl:=hx*y/(h"2+hx"2*y"2)N(1/2):

> b2:=hx*(h-y)/(1+hx"2)(1/2)/(h"2+hx"2*y"2)N(1/2):

> ¢1:=128+315*al-420*a1"3+378*al"5-180*al"7+35*al"9:
> €2:=128+315*a2-420*a2"3+378*a2"5-180*a2"7+35*a2"9:
> d1:=int((c1-256)/y"9,y):

> d2:=subs(y=h-t,d1):

> Z1:=subs(y=D,d1):

Zl=. 1 [ 35 by’ O B 16 45 D° + 2ot i D
7

D+ O
+ 0t D e ag e DR e D et Se e DY e
gl D R R D R 16 B - 16 AR D R hfj

> d4:=subs(t=1/s,d2):
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> d5:=subs(D=h/s,Z1):

> assume(h>0):

> el:=simplify(limit(asympt(d4,s,11),s=infinity)):
> e2:=limit(simplify(asympt(d5,s,11)),s=infinity):

>x01:=(el-e2)*(g-1):x02:=(-35*hx"6-70*hx"4-56*hx"2-

16)/((L+hx"2)N(7/2)*h"8)+(16*hx 6+48*hx 4+A48*hx2+16)/((L-+hx"2) 3*h"8)-35/8*hx 8/h"8:

\Y

x1:=x02*(g-1);

_[(ash’ - sik 16 16n” + a3k + 430 +16 35 R
ey 23 a ME
(L+h) A (1+hx") B o

xl: (g-1)

> d6:=int(1/y"9,y):

> d7:=subs(y=h-t,d6):d8:=subs(y=D,d6):

> d9:=subs(t=1/s,d7):

> d10:=subs(D=h/s,d8):

> e3:=simplify(limit(asympt(d9,s,11),s=infinity)):

> x2:=256*((e3-d8))*(p-1);

2 =256 -~ + 1| -1
2h 8D

> fl:=h+hx"2*y:f2:=1+hx"2:f3:=h"2+hx"2*y"2:f4:=h-y:

> V2:=f6*f37(-1/2):
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\Y

gL:=-128*F2(9/2)/f479:

\Y

2:=315*F1*F2N4/F30(L1/2)/F479:

\Y

03:=-420*f1"3*f2"3/f3"\(3/2)/f4"9:

\Y

gd:=378*F1A5*F2A2/F37(5/2)/f4N9:

\Y

05:=-180*f1"7*f2/f3"(7/2)/f4"9:

\Y

06:=35*f1"9/f3(9/2)/f4"9:

\Y

i1:=int(gl,y):j01:=subs(y=h-t,i1):j1:=subs(y=D,il):

\Y

12:=int(g2,y):j02:=subs(y=h-t,i2):j2:=subs(y=D,i2):

\Y

13:=int(g3,y):j03:=subs(y=h-t,i3):j3:=subs(y=D,i3):

\Y

14:=int(g4,y):j04:=subs(y=h-t,i4):j4:=subs(y=D,i4):

\Y

15:=int(g5,y):j05:=subs(y=h-t,i5):j5:=subs(y=D,i5):

\Y

16:=int(g6,y):j06:=subs(y=h-t,i6):j6:=subs(y=D,i6):

\Y

K1:=j01+j02+j03+]04+j05+]06:Z2:=j1+]2+j3+j4+]5+]6;

7= 1 [ T

hel (Rt DY thes +RE ng(mj Al + s

+16 8 D Af1 +m +20 A~ 4fR-E + 1 D Br

+ 160 et bt e D B+ 160 et Alhet i DY B
+20 et Al e DY R 16 e ARt R D R
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126 22 bt afl 40 105 -1 B A1+

35 b B A1 +hr + 48 Bt B A1 4R DT

+56hx Bt A1 +hr DT - SE0Rx he A1 +Re DT

cag it At DR e e e Al bR D

35 RE Al Al +hf D 42000 A Rx T Al 4R D

+az it Al D e D v b et R D R D
+16 he Al 41 D R DT - 3136 hx' T A A1+ R DT

296 At et A1 +hr D 41562 e et af1 +hs D

+2d0 e el it DR D 20 e e R D R D
+80 Aot Bl + bt D R D+ 420 A afhet + R D R D
+a20 bt el e DR R D 160 e AR AR D R D
+a20 b el e DR D g0 e AR R D R D
160 A Al 4R D D+ 20 e AR R D R D
+240 - Al D e D oo -t Al et D R DO
taz et Al e D R D A R Akt R D R D
+16 -2 Al 4 D R D + a2 0 07 -0 A1 4R

+1702 Ax' B Af1 4B D - 896 hx e Al + Ry bl D

35 h T B A1+ D+ 1060 A2 D b afl + Ry
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SRl bt Al he D245 e B Al 4R D

+35m" D" 20 Af1 +hr - 220 ' BT Af1 406 D
+3920 kD A" Al +h 252~ By A1 +08 D
44l S R AL+ D 35 R B A1 480 D
1960 b hx' AL+ D' - 3920 A x4l 40 D
4 b hr AL+ D315 R B A1+ D
235k b A1+ D' o108~ Bt 4l 40 DY
1496 hr el A1+ R DT 1120 A et Al AR D
_560h~Thx 4l +h DY 128 ™ A1 + 0" BD™
+70 a2 D et Al + e - 220 - B Af1 4047 DF
+16h~T alh- + DF 16 8- A1 + 1

FEES R R Al AR D 44T B Rl Al 4R D
1960 b hr Al 4R DY - 245 Bt R AL+ DY
S3136 hx b AL 4R D - 128 hx e A1 +8r° D
245 R R AL+ D 25 R B Al 4R D
23020 hr'” b Al Ry DS)

> |1:=subs(t=1/s,k1):12:=subs(D=h/s,Z2):

> assume(h>0):



> ml:=asympt(l1,s,9):

> m2:=simplify(ml):

> nl:=convert(m2,polynom):

> n2:=limit(asympt(12,s,9),e=infinity):

> x3:=(n1-n2)*(g-1);

(g

0/2)
oo | 120 et v se0 " 4230k 435" 3SR 105k 126 B + 720" +16- 16 (1 +)
s T ] :
2(l+R R
- ]_:|
>EQ01:=(pi*n[f]"2*alpha[ff]/11520)*(x1+simplify(x2-256*(p-1)/8/D"8)+x3);
13 SR TR 56 Ry 161G R +AB Ry + B R 16 35 Ry 32p- 1)
EQ] = ——mnp opr + - fg-13-
11520 772) X g het pet
(1 +.|"!IEII ,F;HB (1+hs) he
16 14 12 10 ] 5 f 4 2 2 e
o 12t e i a1 om0k 435 35 4105 R 126 R T2 +16- 16 (1 + i)
) (772) ) B
201 +h) R

(g-1)

> EQ001:=subs(hx=1/tt,E0QL1);
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r

"-_35 56 16 16+4'8+48+16
6 % 3 64 T
FO0] = 1 1 ¥ (fz +ﬂ‘ ¥ tf 35 i 32ip-1)
Tl W ) e
1 8 ~ 8 he
1 8 1+ | h~
1+ﬂ_2 he 312
3 ]

6 14 12 10 8 &

123, 448 , 560,280 , 35 E+E+$+E+m-m j+L
g0 g g o g @& # #

fg-13

> E002:=asympt(E001,tt,12):E003:=subs(tt=1/hx,E002):E1:=convert(E003,polynom);

nnfz cglp-13 7 nnfz oigr (g - 13 F:xm
360 Ao 2560 et

El =

>E2:=-pi*n[f]A2*beta[f]*(1-rho)/32/h"2*((1-lambda)*8/(1-rho)/3+hx"4);

nng Ber(l - p:.[ 301-3) +hx“]

i(l-pl
Ei=-

32 bt

> E:=simplify(E1)+E2;

2 B(l-20 . 4
2 10 10, 7 Bpll-pl T :I"'}”
THy o (ddp-64+E30r g-630x ) -p

23040 i~ 320
> PI11:=diff(E,h):
> P12:=subs(hx=u(x),diff(E,hx)):P13:=subs(h=h(x),P12):

> P14:=diff(P13,x):P16:=(subs(u(x)=hx,P14)):
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> PI7:=subs(diff(h(x),x)=hx,subs(diff(u(x),x)=hxx,-P11+P14)):
> Pl:=sort(P17,h);

3(L-3), , 4
31 - pl g o360 u(x) g hrr- 5670 uix)” ho) mng Bl - pha(n’ hx
- +

s fell - p:l[
IT=-

16 b 23040 - Aheix)

] im nfg Ball - pi 1.!{}:}12 Bxx

2 hed 2t
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G.3. Boundary Conditions at the Contact Point

Start with this equation:

[ £ b, OB | Zpim| L[ 700 S{at=hE | P Numerator
h—0 “oh, ) o0 8 he 2 h? h—0| Denominator |

Using Maple to apply the I'Hospital’s rule, we find the boundary conditions ath — 0:

> <Numerator>
> f:=(T*(eta10-diff(h(x) X)"10)-4*S*h(x)"6* (alpha™4-diff(h(x) X)"4)):
> subs(diff(h(x),x$1)=hx,h(x)=0,f);
10
o(3°0)

-)|hx|—>77

> f1:=simplify(diff(f,x)):
> subs(diff(h(x),x$2)=hxx,diff(h(x),x$1)=eta,h(x)=0,f1);

o
-10n Thxx

2> h, >0

> f2:=collect(diff(f1,x),diff(h(x),x$3)):
> subs(diff(h(x),x$3)=hxxx,diff(n(x),x$2)=0,diff(h(x),x)=eta,h(x)=0,f2);

o
10w Thrxx

2h,, —>0

XXX

> f3:=collect(diff(f2,x),diff(h(x),x$4)):
> subs(diff(h(x),x$4)=hxxxx,diff(h(x),x$3)=0,diff(h(x),x$2)=0,diff(h(x),x)=eta,h(x)=0,f3);

9
-l0w T hxxxx

2h,,, —0

> f4:=collect(diff(f3,x),diff(h(x),x$5)):
>
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subs(diff(h(x),x$5)=hxxxxx,diff(h(x),x$4)=0,diff(h(x),x$3)=0,diff(h(x),x$2)=0,diff(h(x),x)=eta,h
(x)=0,f4);

Q
10w T hxxxxx

=>h -0

> f5:=collect(diff(f4,x),diff(h(x),x$6)):

>
subs(diff(h(x),x$6)=hxxxxxx,diff(h(x),x$5)=0,diff(h(x),x$4)=0,diff(h(x),x$3)=0,diff(h(x),x$2)=
0,diff(h(x),x)=eta,h(x)=0,f5);

9
-10v T hxxxrex

=2h -0

> f6:=collect(diff(f5,x),diff(h(x),x$7)):

>
subs(diff(h(x),x$7)=hxxxxxxx,diff(h(x),x$6)=0,diff(h(x),x$5)=0,diff(h(x),x$4)=0,diff(h(x),x$3)
=0,diff(h(x),x$2)=0,diff(h(x),x)=eta,h(x)=0,f6);

9 9 504
-10n Thxxxxxxx-iﬁ(-lddﬂﬁﬁ + 1440 .5 n I:-;)

4 4
>h _)2888!77 )

XXXXXXX
Tn 3

> f7:=collect(diff(f6,x),diff(h(x),x$8)):

> subs(diff(h(x),x$8)=hxxxxxxxx,diff(h(x),x$7)=eta*(-
1440*S*eta"9+1440*S*eta"5*alpha™4)/(-
5)/eta™9/T,diff(h(x),x$6)=0,diff(h(x),x$5)=0,diff(h(x),x$4)=0,diff(h(x),x$3)=0,diff(h(x),x$2)=0,
diff(h(x),x)=eta,h(x)=0,f7);

o
-10m T hxxxxxxxx

=>h -0

> f8:=collect(diff(f7,x),diff(h(x),x$9)):

> subs(diff(h(x),x$9)=hxxxxxxxxx,diff(h(x),x$8)=0,diff(h(x),x$7)=eta*(-
1440*S*eta"9+1440*S*eta"5*alpha™4)/(-

5)/eta9/T ,diff(h(x),x$6)=0,diff(h(x),x$5)=0,diff(h(x),x$4)=0,diff(h(x),x$3)=0,diff(h(x),x$2)=0,
diff(h(x),x)=eta,h(x)=0,f8);
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9
-10w T hxxxxxxxxx

9 hXXXXXXXXX - O
>
> <Denominator>
> den:=diff(h(x)"8,x$8):
> subs(diff(h(x),x)=eta,h(x)=0,den);
g
40320 1

Finally, evaluation of limitation at the contact point becomes zero.
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