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Abstract

The aim of this dissertation is to study stochastic Navier-Stokes equations with
a fractional Brownian motion noise. The second chapter will introduce the back-
ground results on fractional Brownian motions and some of their properties. The
third chapter will focus on the Stokes operator and the semigroup generated by this
operator. The Navier-Stokes equations and the evolution equation setup will be de-
scribed in the next chapter. The main goal is to prove the existence and uniqueness
of solutions for the stochastic Navier-Stokes equations with a fractional Brownian
motion noise under suitable conditions. The proof is given with full details for two
separate cases based on the value of the Hurst parameter H: 1/2 < H < 1 and

1/8< H < 1/2.

v



Chapter 1

Introduction

The Navier-Stokes equations perturbed by a random noise term, such as white
noise, can be used as a model to explain the random fluctuations observed in the
velocity profile of viscous incompressible fluid flows. Such a perturbed system is a
nonlinear stochastic partial differential equation known as stochastic Navier-Stokes
equations (SNSE). Probabilistic analysis of such equations yields answers to certain
hydrodynamical problems and lends insight into turbulence theory.

We consider the following stochastic Navier-Stokes equation driven by a frac-

tional Brownian motion W#:

ou dWH(t)

a—i—(u-V)u—uAu—i—Vp:(I) o (1.1)

and

with

u(t,z) =0V z € 0G,
u(0,2) = up(x) Vx € G.

and W | a space-time fractional Brownian motion in a suitable Hilbert space with
Hurst parameter H € (0,1) as in Tindel, Tudor and Viens [21]. Recall that a
centered real-valued Gaussian process {3} is called a fractional Brownian motion

with Hurst parameter H € (0,1) if it has covariance function given by

1
Ry(t,s) = §(S2H + 27—t — 5P,



Hereafter, we will suppress the superscript H from the process. For our problem, we
define W(t) = > 7, €,3,(t) where [, are real independent, identically distributed
fBms and {e, } is the sequence of eigenfunctions of the Stokes operator on G. Next,
we discuss stochastic integration with respect to fBms.

The equation (1.5) is a nonlinear fBm driven equation and hence a complex
object. It is especially so when one recalls that fBms are not semimartingales
and have long range dependence. Therefore, the usual methods of solvability of
SNSEs do not apply to the present system. Stochastic integration with respect to
fBms has been developed by several authors (see Nualart [13] and the reference
therein). If H > 1/2, the stochastic integral with respect to fBm can be defined
as a pathwise Riemann-Stieltjes integral which exists if the integrand has Holder-
continuous trajectories of order larger than 1 — H. If H < 1/2, one defines a
certain symmetric stochastic integral under suitable integrability conditions on

the integrand. In fact, in this case

T T
/ u(s)dfs := lim 1 / w(8)(Bsre — Ps—c)ds
0 0

e—0 2¢
where the limit is taken in the sense of limit in probability.

Since the stochastic system (1.1) and (1.2) is nonlinear with non-Lipschitz un-
bounded coefficients, the simplest of perturbations by fBms is considered. In the
integral form, such noise terms are assumed to be Gaussian integrals which are
briefly described below.

Let S denote the linear space of step functions on [0, T of the form

n

o(t) = Zajl(twtﬁﬂ(t)

j=1
where t; =0 < t; < --- <t, =T. Let £ denote the closure of § with respect to

the scalar product

(Lo, Lo, = R(2,5).



Define for ¢ € §, the Wiener integral
T n
JRZEESTCET AL (13)
0 =

The mapping ¢ — fOT $df, is an isometry between S and L?(Q2). Therefore, it
can be extended to an isometry between € and the first Wiener-It6 chaos of {3;}.
Thus the Wiener inegral of ¢ with respect to 3 can be defined.

It can be shown that if ¢, 9o € £ with

T T
/ / 1p1(8)] |d2(t)| |t — 5| 2dsdt < oo
o Jo

then
(6, ) = H(2H — 1) / / G1()||6a(0)] [t — s 2dsdr. (1)

Let @ : [0,7] — Lo(H; H), where Ly denotes the space of Hilbert-Schmidt

operators. Define

t S t
/ O AW, =) / DpendB,(s).
0 1 J0

The above sum is finite when Y |||®e,]|¢ |3, < oo. Thus fg O dW; is an H-valued
Gaussian random variable.

Using such an additive noise term in (1.1), we investigate the existence and
uniqueness of mild solutions. In fact, by considering mild solutions of the stochastic
system, we bypass the need for the noise term to be a semimartingale. Instead,
suitable integrability conditions would suffice for solvability of the system by using
the techniques developed by Da Prato and Zabczyk [4].

The conditions on the noise coefficient will be ascertained by our analysis. As
explained in Section 1, the system (1.1) and (1.2) can be cast as an abstract

evolution equation:

du + [vAu+ B(u)]dt = ®dW(¢). (1.5)



The case when H > 1/2 is technically simpler though the other case shows inter-
mittency and hence more important in applications. When H < 1/2; we plan to
take advantage of the representation of the Wiener integral with respect to fBm

as a usual stochastic integral with respect to a Wiener process. In fact, let

K(t.5) = cx <£>H1/2

(t — )12 ¢ 81/2—HF(E>
s

S

where

z—1
F(Z) :CH(l/Q—H)/ ?"H*3/2(1_ (1+T)H—1/2)dr
0
and cg is a constant. Consider the operator K* on L%([0,T]) for every s < t:

(1570)(5) = K(t:9)0() + [ (6(r) = o(5) 50 s)r

One can write
T T
| eant = [ io).am. (1.6)
0 0

where {B,} is a standard Wiener process. Such a representation in the space-time
set up is easy to use since we deal only with Wiener integrals.

It is worthwhile to note that stochastic partial differential equations perturbed by
an fBm noise has received considerable interest in recent years and has been stud-
ied by several authors (see Tindel, Tudor and Viens [21], Maslowski and Schmal-
fuss, and Nualart [13]). The theory is well-developed in finite dimensions and the
stochastic calculus of variations with respect to fBm has also been developed in

recent papers.



Chapter 2

Fractional Brownian Motion (fBm) and
Stochastic Integration with Respect to
fBm

2.1 Brownian Motion

Let (2, F,P) be a complete probability space. Let S be a complete separable

metric space with B as the o-field of Borel sets in S.

Definition 2.1. A stochastic process is a collection X = {X(t,w);t € T,w € Q}
of S-valued random variables defined on the probability space (2,F,P) with index

set T.

Remark 2.2. The stochastic process that we consider will be jointly measurable on

the product space ([0,00) x €2, Bjg,«) x F). In other words,
1. for each fixed ¢, X (t,-) is a random variable;
2. for each fixed w, X(-,w) is a measurable function of ¢, called a sample path.

If there is no confusion, we denote X (t,w) by X(t) or X,.

Definition 2.3. A real-valued stochastic process B(t,w) is called a Brownian

motion if it satisfies:
1. P{lw;B(0,w) =0} =1.

2. For any 0 < s < t, the random variable B(t) — B(s) is normally distributed

with mean 0 and variance t — s, i.e., for any a < b,

1 b
P{a < B(t) - B(s) < b} = —— / e~ 209 gy,

V27 (t — s)



3. B(t,w) has independent increments, i.e., for any 0 < t; < ty < --- < t,, the

random variables

B(t1), B(ts) — B(t1),...,B(t,) — B(t,—1),

are independent.

4. Almost all sample paths of B(t,w) are continuous functions, i.e.,

P{w; B(+,w) is continuous} = 1.

Definition 2.4. A filtration on T'is an increasing family {F;|t € T'} of sub o-fields
of F. A stochastic process X;,t € T, is said to be adapted to {F;|t € T} if for each

t the random variable X, is F;-measurable.

Remark 2.5. A o-field F is called complete if A € F and P(A) = 0 imply that
B € F for any subset B of A. We will always assume that all o-fields F; are

complete.

Definition 2.6. Let X; be a stochastic process adapted to a filtration {F;} and
E|Xi| < oo for all t € T. Then X; is called a martingale with respect to {F;} if

for any s <tin T,

E{X|F:} = X,, as. (almost surely). (2.1)

The concept of the martingale is a generalization of the sequence of partial sums
arising from a sequence {X,} of independent and identically distributed random
variables with mean 0. Let S, = X; + ... + X,,. Then the sequence {S,} is a

martingale.



We may also define submartingale and supermartingale by replacing the equality

in (2.1) with > and <, respectively; namely, for any s < ¢ in T,

E{X:|Fs} > X5, a.s. (submartingale),

E{X|Fs} < X,, as. (supermartingale).

Remark 2.7. If we are given B(t);0 < t < oo but no filtration, and if we know that
B has stationary, independent increments and that B(t) = B(t) — B(0) is normal
with mean zero and variance ¢, then {B;, FZ;0 > t < oo} is a Brownian motion
as well as a martingale. Moreover, if F; is a ”larger” filtration in the sense that
FB C F, fort > 0, and if B; — By is independent of F, whenever 0 < s < ¢, then

(B, Fi), 0 <t < oo is a Brownian motion as well as a martingale.

Proposition 2.8. Fvery Brownian motion B is a square integrable martingale and

(B)¢=t,t>0. For anyt >0,
E(B}) =t.

Moreover, for any 0 < s < t,

E(B,B,) = s.

2.2 The Weak Convergence

Definition 2.9. Let (S, u) be a metric space with Borel o-field B(5). Let {P,}22,
be a sequence of probability measures on (5, B(S)), and let P be another measure
on this space. We say that {P,}>>, converges weakly to P and write as P, — P,

if and only if

lim f(s)dPn(s):/sf(s)dP(s)

n—oo S



for every bounded, continuous real-valued function f on S.
It follows, in particular, that the weak limit P is a probability measure, and that

it is unique.

Definition 2.10. Let {(£2,, F,, P,)}22, be a sequence of probability spaces, and
on each of them consider a random variable X,, with values in a complete, separa-
ble metric space (S,d). Let (2, F, P) be a probability space, on which a random
variable X with values in (S,d) is given. We say that {X,}>2, converges to X

in distribution, and write as X, 2, X, if the sequence of measures {P, X1},

converges weakly to the measure PX L.

Equivalently, X, 2, X if and only if
lim E,f(X,) = Ef(X)

for every bounded, continuous real-valued function f on S, where E,, and E denote

expectations with respect to P, and P, respectively.

2.3 The Fractional Brownian Motion

Definition 2.11. A centered Gaussian process {B(t)} is a fractional Brownian

motion (fBm for short) with Hurst parameter H € (0, 1) provided
1
E(BI'BI) = Ru(t,s) = §(t2H + 2 — |t — s,

In particular, if H = %, it is a standard Brownian motion.

From on now, let us denote by B; as the fBm with Hurst parameter H for

simplicity.



Proposition 2.12. Fractional Brownian motions have the self-similarity property:
For any constant a > 0, the process {a " By, t > 0} and {By,t > 0} have the same

distribution.

Proof. This can be obtained immediately from

E(ByBas) = R(at,as)

=a*R(t,s).
O
Proposition 2.13. Fractional Brownian motions have stationary increments.
Proof.
E|(B, = B)"| =E(B) + E(B;) — 2E(B/B,)
:t2H + SQH _ (t2H + SQH o |t _ S|2H)
=[t — s|*".
O

Theorem 2.14. Kolmogorov’s continuity theorem. Let X;, 0 <t <1, be
a measurable stochastic process. Assume that there exist constants o, 3, K > 0

satisfying the inequality
E|X, - XJ|*<Kl|t—s|"" Vo<t<I1.

Then X; has a continuous realization; namely, there exists Qo such that P(€y) = 1

and for each w € Qy, X(t,w) is a continuous function of t.

Remark 2.15. For all p > 1,

E(B; — By)* < ¢,|t — s|*7.



If 2Hp > 1, using the stationary increments property and the Kolmogorov’s con-

tinuity, we can show that fBm {B;} has a version with continuous trajectories.
Moreover, the parameter H controls the regularity of the trajectories, which are

Holder continuous of order H — € for any € > 0; namely, for all ¢ > 0 and T" > 0,

there exists a nonnegative random variable K, p such that
E(‘KQT‘p) < o0

for all p > 1, and

|B; — By| < K. p|t — 5|

for all s,¢ € [0,7T]. This result can be obtained by using a standard result known
as the Garsia-Rodemich-Rumsey theorem.
Remark 2.16. As for the covariance, if H = 1, then Ry (t—s)=tAsand Bisa
standard Brownian motion in which case the increments of the process in disjoint
intervals are independent.

However, if H # %, the increments are not independent. To see this, let s <

s+ h <t<t+handt—s=nh, the covariance between two increments B, p,

and Bt+h — Bt iS
p(n) = E(Bsyn — Bs)(Biyn — By)
1
= 5[(s +h)?H 4+ (t+ )2 — (nh)* — (s + h)* — 27 1 ((n—1)h)*H

. 82H . (t + h)2H + ((TL . 1)h)2H + 82H + tQH . (nh)QH]

h2H
= 5 [+ D =20 4 (n 4 1))

h2H
N 2H(2H — 1)n*172, 0<H<1
— 0,

10



as n — oo.
If H> %, then p(n) > 0, we say the increments By, — By and By, — B}, are

positively correlated; moreover,

Z p(n) = co.

Such a property of the process is known as aggregation behavior.
If H< %, then p(n) < 0, we say these two increments are negatively correlated;

moreover,
oo
> p(n) < oo,
n=1

which is known as intermittency.

Proposition 2.17. If H # %, By is not a semimartingale.

Proof. To prove this, let p > 0. Denote

n
Yop=n""""Y"|B; — By |
n n

j=1

11
= (=) " — B, — Bj—1|Pn?
R 1By~ Bl

and
- 1 <& »
Yop =~ > 1B = Bl
j=1

By the self-similar property by taking a = %, the sequences {Y,,,n < 1} and

{V,,,n < 1} have the same distribution, i.e.
Yop= Y/mp in distribution.

11



Since the stationary sequence {|B; — B;_1|P : 1 < j < n} is identically distributed

and asymptotically independent, by the ergodic theorem,
- 1 <& )
Yop =~ > 1Bj = Bl
j=1
— E(|Bi]") as.in L'

as n — 00. Therefore,

Let

If H> %,forp:2wegetpH>1 and thus
Va2 — 0 in probability

as n — oo, which means that the quadratic variation is zero; However, for p = 1

we get pH < 1 and thus
Va1 — 00 in probability

as n — 00, in which case the total variation is infinity. If H < %, then for both
cases p =2 and p =1,
Vap — 00 in probability

and thus the total variation is infinity.

Therefore, we see that for H # %, the fBm B, is not a semimartingale.

12



Now we consider the representation of fBm on an interval. Let ¢ be in a time
interval [0, 7], and let {B,,t € [0,T]} be a fBm with Hurst parameter H € (0, 1).

Denote by & the linear space of step functions on [0, 7| of the form

n

(p(t) = Z aj_ll(tjflytj] (t)

j=1
where tq,1s,...,t, € [0,T],n € N, a; € R, and by H the closure of £y with respect

to the inner product
(L5 Lo,y = R(t, s).

Also define the Wiener integral of ¢ € £y with respect to the fBm as

T n
/ gpsdBH(s) = Zaj—l(Btj - Btj71)~
0 s

Then the mapping:

n T
o= Y maly it~ [ e
j=1 0

is an isometry between £y and the linear space L = span{B;,t € [0,T]} viewed as

a subspace of L?(T) where L*(T) denotes L*([0,T]):
I: &y — L.

This mapping can be extended to the closure ‘H with respect to the above inner
product:
I: H—L,

where L denotes L%(Q2), the closure of L.
We already know that B 2 is a standard Brownian motion. Moreover, BY has

the Wiener integral representation:

t
BY — / K(t, s)dWV.
0

13



where W is a standard Wiener process, and the kernel K (t, s) can be determined.

For s < t, consider the operator K* in L*(T) given as:

<Kmmﬂ=Km@w@+/YwM—w$%—

When H > %, this operator K; has a simpler expression:

<mw@:/¢m%w@W

Then K} is a isometry between H and L*(T). Therefore, we have the following

equivalence between the Wiener integral with respect to the fBm and the Wiener

integral with respect to the Wiener process IW:

[ eaB7s) = [ ()i,

which holds for every ¢ € H if and only if K}p € L*(T). Note that

K7 llp](s) = Kl (s)1p0.(s)
for any s,t € [0,7]. Then if the definite stochastic integral fg ©(s)dBH (s) is

definded, then we have

t t
[ eisto) = [ aav (22
0 0
for every t € [0,7] and ¢l € H if and only if K € L*(T). Also, for the case

H>1

5> if &, x € H satisfy

//w@mww—¥”%M<m,
TJT

then their scalar product in H is given by:

T T
(= HEH = 1) [ [ olonle - o 2dsa
0o Jo
Here, we only work with Wiener integrals over Hilbert spaces. In this case, we
note that if w € L*(T,V) is a deterministic function, then the relation given by
2.2 holds, and the Wiener integral on the right-hand side is well defined in L?(V)

if K*ue LA(T x V).

14



2.4 Infinite Dimensional fBm and Stochastic
Integration

Let U be a real and separable Hilbert space and let () be a self-adjoint and positive
operator on U. Note that ) = @Q* > 0. It is typical and usually convenient to
assume that @ is nuclear; namely, () is a compact operator, QQ = 25:1 M fns *Gn)
where f,,’s and g,’s are (not necessarily complete) orthonormal sets, A,’s are a set
of real numbers satisfying \,, — 0 asn — 0, and 25:1 An < 00. Here, (-, -) denotes
the scalar product on the Hilbert space, and the sequence {\, },>¢ is well known
as the eigenvalues.

Moreover, let e, denote the corresponding eigenvectors. Then {e,} form an or-

thonormal basis in U. We define the infinite dimensional {Bm on U with covariance
Q as
BY(t) = BE(t) = > v/ AnenBl (1) (2.3)
n=0

where 3 are real, independent fBm’s. This process is a U-valued Gaussian process,

it starts from 0, has zero mean and covariance
E(Bg(t))(Bg(s)) = R(s,t)Q, forevery s,t €T.

We realize that the assumption ) being nuclear is not convenient. We may wish
to consider the case of a genuine cylindrical fBm on U by setting A, = 1, that is,
BA(0) = 3 e8! 1),
n=0
Remark 2.18. Following the standard approach as for H = %, it is possible to
define a generalized fBm on U (for example, in the sense of generalized functions
if U is a space of functions) by the right-hand side of (2.3) for any fixed complete

orthonormal basis (e,), in U, and any fixed sequence of positive numbers (A, ),

15



even if )~ /A, = oo. Although for any fixed ¢ the series (2.3) is not convergent
in L?(Q x U), we can always consider a Hilbert space U; such that U C U; and
such that this inclusion is a Hilbert-Schmidt operator. In this way, B (t) given by

(2.3) is a well-defined U;-valued Gaussian stochastic process.

Now let V be another real separable Hilbert space, B¥ the process defined above,
defined as a Uj-valued process if necessary, and (®s)ser a deterministic function
with values in £Lo(U, V'), the Hilbert-Schmidt operators from U to V. The stochastic
integral of ® with respect to B is defined by

[ s - f [ @it = f [oc@anane e

0

where (3, is the standard Brownian motion; and moreover, the above sum is finite

when
D I (@en) |2z = Y I Penllrfs < oo

In this case the integral (2.4) is well defined as a V-valued Gaussian random vari-
able. However, the linear additive equation in its evolution form can have a solution
even if f(f d,dBH (s) is not properly defined as a V-valued Gaussian random vari-
able.

In order to define this stochastic integral in a larger Hilbert space than V', a
remark similar to Remark 2.18 also applies. In particular, there is no reason to

assume that ® € Ly(U, V).

16



Chapter 3
The Stokes Operator

3.1 Preliminaries

Let C°(U) denote the space of infinitely differentiable functions ¢ : U — R, with
compact support in U. We sometimes call a function ¢ belonging to C2°(U) a test
function.

Assume we are given a function u € C*(U). Then if ¢ € C>°(U), we see from

the integration by parts formula that

/u%id:v:—/uxﬁd:v, i=1,...,n. (3.1)
U U

Since ¢ has compact support in U, there are no boundary terms and thus ¢ vanishes
near OU. More generally, if k is a positive integer, u € C*(U), and a = (a, ..., ay)

is a multi-index of order |a| = a; + ... + a,, = k, then

/U uD*pdr = (—1) /U D%u¢dz.

This equality holds because

Ooy ooy,
dx{t " Oxon

D% = ¢

and we can apply formula (3.1) for || times.

1

elU), and « is a multi-index. We say that v is

Definition 3.1. Suppose u,v € L

the a'"-weak partial derivative of u, written as
D%y = v,
provided

/U uD%¢dx = (—1)1 /U vodr (3.2)

17



for all test functions ¢ € C°(U).

In other words, if we are given u and if there exists a function v which verifies
(3.2) for all ¢, then we say that D*u = v in the weak sense. If there does not exist
such a function v, then u does not possess a weak a'*-partial derivative. See Evans

7).

Proposition 3.2. Uniqueness of weak derivative. A weak o!"-partial deriva-

tive of u, if it exists, is uniquely defined up to a set of measure zero.

Proof. Assume that v,0 € L}, (U) satisfy

/UuDO‘qu:B: (—1)“'/(]v¢d:1:: (—1)“'/(]15¢d:v

for all ¢ € C°(U). Then
[w-9s=0
U

for all p € C°(U). Hence v — v = 0 a.e.

Ezample 3.3. Let n =1, U = (0,2), and

z H0<zx<l1
1 ifl1<a<2.

Define

1 if0<z<1

0 fl<xz<?.

Let us show ' = v in the weak sense. To see this, choose any ¢ € C°(U). We

/02 ud'dr = — /02 vodx.

18
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Meanwhile we calculate that

2 1 2
/ u¢'dx —/ r¢'dx +/ ¢ dx
0 0 1

= —/01¢dx+¢(1) — (1)

:—/02v¢dx

as required.

Definition 3.4. Let GG be an open set. We say that GG has the segment property if
the boundary of G, 9G, has a locally finite open cover (U;),;es, and for each j there
exists a direction w; € "' and €; > 0 such that for z € U;NG, 2y = v +t,, € G

for 0 <t <.

We denote LP(G) = {f : G — R, measurable, [ |f(z)[Pdr < oo}, with the scalar
product (-, -) in L*(G).

If G has the segment property, then the notions of a weak derivative in the sense
of distributions and in the L? sense coincide. We still denote D; = %, j=1....n

and
day oo, ole

T 0y Qaon Qaft - Ozen’

DO{
where |a] = a5 + ... + ay.
Definition 3.5. The Sobolev space

WmP(G) = {f|D*f € L*,|a| < m}.

consists of all locally summable functions f : G — R such that for each multiindex

a with |a] <m, D®f exists in the weak sense and belongs to LP(G).

Remark 3.6. For p = 2, we usually denote H™(G) = W™?(G). Note that H™(G)

is a Hilbert space and in particular, H°(G) = L*(G). The equipped scalar product

19



for u,v € W™P(G) is:

(V) = Y /G (D%u)(Dv)(z)d.

la|<m

Then we can define its norm in W"P(QG) to be:

X jajem Jo |DeufPdz)t/?,  if 1 <p< oo
[ellwmrc) =
D laj<m €SS supg|D%u|,  if p = oo.

Remark 3.7. The spaces W"™P((G) are Banach spaces. We will use the same nota-
tion LP(G), H™(G), W™P(G) for vectorial counterparts. For instance, the scalar

product in H™(G)"™ will be denoted by:

( ) )m,G : (U,U)ng - Z / D% - Davdx,
G

la|<m

where - signifies scalar prodect in R"™.

Definition 3.8. We denote by

W (G)
the closure of C°(G) in W™P(G).

Thus v € Wi"P(G) if and only if there exist functions u; € C°(G) such that
u; — w in W™P(G). We interpret W""(G) as comprising those functions u €

W™P(G) such that
D% =0 on 0U for all |of <m — 1.

The following properties are useful, which can be found in Chapter 1 of Con-

stantin and Foias [3].

Proposition 3.9. Let G satisfy the segment property. Then C2(R™) is dense in

Wm™P(@), for 1 <p < co.
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Proof. Let u € W™P((G). We first approximate u in W™P(G) by a sequence of
elements in W™?(G) with compact support by considering un,(z) = ¢(&)u(z),
where ¢(z) = 1if |z] < 1, ¢ € C(R™), supp ¢ C {x : || < 2}. Then using
a partion of unity we may assume that the support of u is compact, and either
is included in G or is one of the locally finite open covers U; from the definition
of the segment property. If the support of u is contained in G then a standard
convolution with a mollifier will provide the approximation.

We may assume that the support of u is compact and included in some open set
V; CC Uj. Let @ be the extension of u defined by setting % to be zero outside G.
Then @ € WmPOR" (9GNV;) We approximate @ by v, = (- + ty;) for small ¢. By
doing this we push the singular set 90GNV; to IGNV, —t,,: uy € WM™P(R (OGNV; —
tw;)). From the segment property, this set does not touch G. Thus, u; € W™P(U)

for some open neighborhood U of G N V;. A convolution of u; with some mollifier

will produce a C>°(G) function near w.

Proposition 3.10. (The Poincaré inequality.) If G is bounded in some di-
rection, that is, if there exists a straight line in R™ such that the projection of G

on it is bounded, then
ullz2c) < C(G)||Vullr2@), for all u € Hy(G).

For the convenience of notations, let us denote by |u| and ||u|| for short, respec-

tively, for ||ullL>@) and the Dirichlet norm ||Vull 2@y = ([ Yo7y |Djul*dx)'/?.

Now let G have the segment property. Let E(G) denote the space
E(G)={u:ue l*(G)",V-uc L*G)},
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. ou;j - . - .
where V-u =div u = Z?Zl 5L is the sum of partial derivatives taken in the sense
J

of distributions in G. Then F(G) is a Hilbert space with the scalar product

[u,v] = (u,v) + / (V-u)(V-v)de.

G

Proposition 3.11. The set (C°(G))" is dense in E(G).

Proof. Same method as for Proposition 3.9 yields the proof of this proposition.

]

We now impose a much more restrictive assumption on G. We say that G is of
class C" if there exists a locally finite open cover (U;);e; of G and C” diffeomor-
phisms ¢; : U; — D, where D is the unit open disk in R", D = {x : |z| < 1} such
that

Y;(U;NG)=Dy ={x:z € D,x, >0},

and

V(U NOG) =Dy ={x:x € D,x, =0}.

Here, a C"-diffeomorphism is a bijective map f between two manifolds such that
both f and its inverse f~! are r times continuously differentiable.

Suppose now that G is bounded and of class C?. The trace operator vy :
HY(G) — L*(0@G) is a bounded linear operator agreeing with the restriction oper-
ation u — u|gg for continuously differentiable functions on G. The kernel of v is
H}(G). The image is denoted by H'/?(dG), and is a Hilbert space.

Here, we consider the Lebesgue measure on 0G. Then there exists a lifting op-
erator

lg : HY?2(0G) — HY(G)

satisfying yolg = Identity in H'/?(0G). See Constantin and Foias [3].
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We define H~/2(0G) as the dual space of H'/?. We want to define the normal
component u-ng of elements of E(G). The notation ng stands for the outer normal

to 0G.

Proposition 3.12. Let G be an open bounded set of class C*. There exists a
continuous linear operator v : E(G) — H~Y2(G) such that v(u) = u-ng for every

u € C®(G)"™. The Stokes formula
(u, Vw) + (V- u, w) = (v(u), y0(w)) (3:3)
holds for every u € E(G) and w € H'(G).

Proof. The idea of the proof is to use the lifting operator Iy : H/?(0G) — H'(G)

to define the element ~(u) of the dual H='/2(0G) of H/2(0G) by (3.3):
(y(u), ®) := (u, Vig®) + (V - u, D)
for all ® € H'?(0G), and fixed u € E(G). Since
lc® € HY*(G)

and
(@) @) < cll®llaepe),
we see that
[ (v (w), @) < cl| @l 12 go6) ull Bc) -

Thus, v maps from E(G) to H~/2(dG), and it is a bounded and linear map. If u
is a C°°(G)" function and ® is the restriction to G of a C*°(G) function, w, then

the divergence theorem (Stokes formula) implies that

/ (u-ng)®der = (u, Vw) + (V - u, w).
oG
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Since w — lg(®P) is in the kernel of -y, namely,
wy = w — lg(P®) € Hy (G),
and since (u, Vwyg) + (V - u,wg) = 0, for any wy € Hj(G), it follows that

/ (u-ng)®dr = (y(u), D).
oG

Now the functions ® which are restrictions of C°°(G) functions are dense in

H'2(d@). Therefore, for any smooth u, u - ng = v(u).

Following [3], let us now denote by V the set
V=A{u:ueCrXG)"and V- u=0}.

Let us denote by H and V the closure of V in L?(G)" and Hj(G)", respectively;
namely,

H = Closure of V in L*(G)",

and

V = Closure of V in HJ(G)".
Proposition 3.13. Let G € R™ be a locally Lipschitz bounded open set. Then

H={u:ueL*(G)",V-u=0,v(u) =0}, (3.4)

and H* ={u:uc L*(G)",u=Vp,pec H(G)}. (3.5)

Proof. For H*, if uw = Vp with p € HY(G), then (u,v) = 0 for all v € V and
u € H*. On the other hand, if (v,v) = 0 for all v € V, then u = Vp, p € HY(G).
For H, let H™ denote the right hand side of (3.4). If u belongs to H, then u is

the limit in L?*(G)™ of a sequence of functions in V. Thus, V - u = 0. Therefore,
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u € F(G) and the convergence of the functions of V to u takes place in E(G). Since

v : E(G) — H~'/2 is continuous, we have that v(u) = 0. Note that H C H™, and

also that H is dense in the L?*(G)™ topology in H™~. For H™ is a closed subspace

of L2(G)" and if H~ © H would be nonempty, say v € H~ & H, then v € H*,

and thus v = Vp with p € H(G) and also v € H~, thus V - (Vp) = Ap = 0,
o _

v(u) = 0. Thus, p must be constant on each connected component of G.
ong

Since H is closed H = H™, we see that u = 0.

3.2 Introduction to the Stokes Equations

Definition 3.14. Let G be an open bounded set in R™. Let f € L*(G)". The

Stokes equations for the vector u = (uq,...,u,) and the scalar f are:

.

—vAu+Vp=f inG

divu=V.-u=0, inG (3.6)

u=0, ondG

\

where v > 0 is a constant.

If u,p are smooth, then for all v € V,

v((u,0)) = (f,v).

To see this, we use integration by parts,

/Du - Dvdzx = —/ vAudx—l—/ %Uds
G G ac On

and (u,v) = —vAwu. From now on, ((u,v)) is the scalar product

n

((u,0)) =) _(Dju, Djv).

j=1
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Definition 3.15. We say that u is a weak solution of the Stokes equations (3.6),
if
uw eV, and
v((u,v)) = (f,v), forall v e V,
Remark 3.16. By continuity, v((u,v)) = (f,v), for all v € V.
The following are important properties of Stokes equations. For more details of

proofs, one can refer to Chapter 2 of Constantin and Foias [3].

Proposition 3.17. Let G be open bounded and of class C%. Then the following

are equivalent:

1. w is a weak solution of the Stokes equations (3.6);

2. uw € H}(G)" and satisfies: there exists p € L*(G) such that

(

—vAu+Vp=f, inD(G)

V-u=0, inD(G) (3.7)

v(uj) =0, i=1,...,n;
\

3. u € V reaches the minumum of ®(v) = v||v||* — 2(f,v) on V.

Proof. To show that 2 implies 1: Since G is open bounded and of class C?, it is
locally Lipschitz. Thus V = {u € H}(G)"|V - u = 0}. Therefore, if u is divergence
free, it is in V.

To show that 1 implies 2: If u is a weak solution of the Stokes equations, then
—vAu — f is a distribution in H71(G)", and also (—vAu — f,v) =0 for all v € V.

Then —vAu — f is the gradient of an L?(G) function. Thus 2 is true.
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To show that 1 implies 3: If u is a weak solution of the Stokes equations, then

O(u+w) = v|u+w||* - 2(u+w, f)
= ®(u) + v|wl|

> (u)

forallwe V.

To show that 3 implies 1: If 3 is true, then
O(u+ \v) — P(u) >0
for all v € V and X\ € R. Note that
®(u+ M) — ®(u) = X% |lv[|* + 2A[v((u, v)) — (f,v)]

and hence coefficient of A has to vanish. Therefore v((u,v)) = (f,v) and hence u
is a weak solution.

]

Proposition 3.18. Lax-M:zilgram Theorem. Let X be a separable Hilbert space
and o : X x X — R be a bilinear continuous coercive form; namely, if || - || x

denotes the norm i X, then
1. Jo(u, v)| < Cllullx|[v]lx;
2. au,v) > allulk;

Then for each | linear continuous form on X, there exists a unique element u; € X
such that

a(ug,v) = (l,v)

for allv e X.
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Proof. a(-,-) is a scalar product in X. It induces a norm which is equivalent to the
original norm. Then [ is a linear continuous form on X with this scalar product. By
the F. Riesz representation theorem, there exists a unique w; such that a(u;,v) =
(I,v) for all v € X. The result is obtained.

]

Proposition 3.19. Let G be open and bounded in some direction. Then for every

f € L*(G)", v > 0, there exists a unique weak solution of the Stokes equations
(5.6).

Proof. By the Poincare inequality, a(-,-) is coercive on V. Then by the Lax-

Milgram theorem, the result is obtained.

3.3 The Stokes Operator

Recall that V := {u : u € C®(G) and V - u = 0}. Let G be bounded, G be of
class C?. Let 7 denote the Leray projection 7 : L?*(G) — H. Let A stand for the
operation —mA. For any u € V define ||Ju|| := |Aul.
We claim that this || - || defines a norm on V. To see this, it suffices to show that
|u|]| = 0 implies that uw = 0. Let u € V be such that |Au| = 0. Since
| Aul| = sup{|(Au,v)| : v € L*(G) with |v] = 1},
it follows that (Au,v) = 0. Meanwhile.
(Au,v) = —(Au, mu)
= —(Au,u)
= (Vu, Vu)

= |Vul?
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Thus, Vu = 0 in G. Therefore, u is a constant in G. Note that u = 0 on the
boundary 0G, we obtain that u = 0.

The completion of V in this norm is denoted by H?. The operation A can be
naturally extended to a map from H? to H. In fact, if u € H?, then consider a
sequence {u;}jey in V converging to u in H2. Thus {u;} is Cauchy in H?. This im-
plies that { Au;} is Cauchy in H. Define Au to be the limit of this Cauchy sequence.
Clearly, this definition does not depend on the choice of the above sequence {u;}.

Therefore, the following operator is well defined.

Definition 3.20. The Stokes operator is defined by:
A:DA) CH—H, A= —nA, D(A) = H*(G)N V.

Proposition 3.21. The Stokes operator A is symmetric; that is, for all u,v in
D(A),

(Au,v) = (u, Av). (3.8)

Proof. 1f u,v are in C°(G)" and they are divergence free, that is, u,v € V, then
since 7 is the Leray projection, mu = u and mv = v, we note that (3.8) is equivalent
to

8uj (%j

—/(Auj)vjda: _ dz. (3.9)

¢ 0z, Ox;

If u,v are in D(A) and arbitrary, we can approximate them in H'(G)" by func-
tions in V. If u € D(A) and v € V, then it is easy to see that (3.9) is true. Also,
by passing to the limit in the v’s in H'(G), we get that (3.9) holds for arbitrary

u € D(A) and v € V. In particular, (3.9) means
(Au,v) = ((u,v)) for all u,v € D(A). (3.10)
Since the right hand side of (3.10) is symmetric, (3.8) is proven.
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Moreover, we note that (3.10) is true for u € D(A) and v € V.

]

Lemma 3.22. (See Theorem 5.11 in [3]) Let G be open bounded of class C*. Let
f € L*(G)™. There exists a unique pair of solutions, v € H*(G)NV and p € HY(G),

of the Stokes equations (3.6). Moreover,
ullg2(a) + Pl ey < cllfllze)-
Theorem 3.23. (See Theorem 4.3 in [3]) The Stokes operator A is self-adjoint.
Proof. Let u € D(A*). By definition of A*, there exists some f € H such that
(Av,u) = (v, f) for all v € D(A).

Since f € H C L*(G)", by Lemma (3.22), there exist some @ € D(A) such that
At = f. We need to show that u = @. To prove this, let ¢ € H. By Lemma (3.22),

there exists some v € D(A) such that Av = g. Thus,

(g,u—1a) = (Av,u) — (Av,a)

= (v, f) — (v, Au)
:(U7f)_(vaf)
=0.

Note that g € H is arbitrary, so v = @ and hence u € D(A) and f = Au.

]

Lemma 3.24. Rellich-Kondrachov Compactness Theorem. Assume G is

a bounded open subset of R, and G is C'. Suppose 1 < p < n. Then
WP(G) cc LY(G)

for each 1 < g < q*.
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See Evans [7].

Theorem 3.25. (See Theorem 4.4 in [3]) The inverse of the Stokes operator,

A7 is compact in H.

Proof. For f € H, A~' f = u, where u is the unique solution of the Stokes equations

and u € D(A) = H*(G) NV. By Lemma (3.22),

ull 72y + Pl @y < el fllzze

for some p € H'(G). Thus, A~' : H — V is bounded. By Lemma (3.24), we have
that the inclusion V' C H is compact.

]

So far, we have seen that A™! is self-adjoint, injective and compact. Then by a
well-known theorem of Hilbert, there exists a sequence of positive numbers p; > 0,
pit1 < pj, and an orthonormal basis of H, (e;) such that A~'e; = p;e;. Denote

Aj = ;' Note that A! has range in D(A) we obtain that

Aej = N\jej, e; € D(A) (3.11)
D<A <...<A <A < (3.12)
jli_)l(go Aj =00 (3.13)
(€j)j=1,... are orthonormal basis of H. (3.14)

Proposition 3.26. If G is bounded of class C"*2, 1 >0, then e; € H2(G)".

Let a > 0 be a real number. We define the operator A* by

A% = Z Ajuje;
j=1
for u =737, uje;, u € D(A*), where
D(AY) ={ue€ Hlu= Zujej, Z)\?a|uj|2 < o0, u; € R}.

j=1 j=1
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The spaces D(A%) are equipped with a natural scalar product; namely, for u =

o oo
Zj:l ujej and v = Zj:l Uj€js

o
(u, U>oz = Z A?aujvj‘
j=1
For this scalar product, the vectors A;%e;, j =1,..., form a complete orthonormal

system.
For o = L1 we have D(AY?) = V and (u,v); = ((u,v)). In fact, the vectors

A~Y2¢; are in V and also

<)\j_1/26]‘7 )\lzl/zek>1/2 — 5]14;)\; . )\k—:l
= (AN %)), A %))

= (A2 0 Per)).

J

Thus, D(A%) C V and moreover, it is closed in V. In particular, if v € V and v
is orthogonal to D(A®), then ((v,e;)) = 0 for all j. Note that v € V, e; € D(A),

and Ae; = Aje; for all e; € D(A), we see that

0= ((U> ej))

= (Uv Aej)

= /\j(U, ej).

Since A; > 0, we obtain that

for all 5. Therefore, v = 0.
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3.4 The Stokes Semigroup Generated by the
Stokes Operator

For each A\ € [0,00), let E\ be a projection operator which projects H onto a
subspace D) C H. We call {E\; X\ > 0} a family of projections. Let 0 < Ay < oo.
Then we write

E)\o = lim E)\
A— Ao

if and only if

E,v= lim Eyw
0 A Ao

holds for all v € H (strong convergence of operators).

Definition 3.27. A family of projections {Ex; A > 0} is called a resolution of the

identity I on [0, 00), if the following properties are satisfied:

(

E/\EM:EME)\:E)\, OS)\SM<OO

E,\:limu_,,\:E)\, 0</J<)\<OO

EO = O, hm)\ﬂoo E)\ =1.

Definition 3.28. Let B : D(B) — H be any positive self-adjoint operator with

(dense) domain D(B) C H. Then there exists a uniquely determined resolution

{Ex; A >0}

B:/ \E),
0

with D(B) = {v € H; [ X*d||[Exv||* < oo}. This is called the spectral representa-

of identity such that

tion of B.

See these definition and more properties [17], II.
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We use the spectral representation to define for each ¢ > 0 the operator
S(t) :=e = / e A E,.
0

Since A — e~ X\ > 0, is a bounded positive function defined on [0, 00), each S(t)
is a bounded everywhere defined and positive self-adjoint operator in the Hilbert

space L?(G). Tt is not hard to see that

ISl < supe™™ <1,
A>0

and the above definition of S(t) yields that

S(t)S(ts) = / TN
0

= /00 e~ g,
0

and hence

S(t1)S(tz) = S(t1 + t2)

for all t1,t, > 0. Furthermore, we have

where I means the identity. See [17], IV.
The operator family {S(t);t > 0} is called the Stokes semigroup of G concerning

semigroups.
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Chapter 4

The Stochastic Navier-Stokes Equations
(SNSE) with fBm

In this chapter, we introduce the stochastic Navier-Stokes equations (SNSE for
short) and the SNSE with fractional Brownian motion (fBm for short). The main
result is the existence and uniqueness of the solutions when a non-linear term is

involved under certain conditions.

4.1 Introduction to the SNSE

Let G be a bounded open subset of R? with a smooth boundary and let z € G.
The Nauvier-Stokes system will be cast as a stochastic evolution equation. The

Navier-Stokes system is as below:

%—7; —vAu+ B(u) = —Vp+ f(t)
(4.1)
V-u=0

where p(t,x) is the scalar-valued pressure of at time t and at position z, Vp =

(8‘%)?:1, v > 0 is the wviscosity coefficient, and u(t, x) is the velocity at time t and

at space x. We also have the initial condition
u(t, ) = up(x),
and the boundary condition
u(t,x) =0, for z € 0G, Vt > 0.
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The R2-valued function f(t,z) is called external force or body force, and

Blu) = buu) = (Y wg)?,

i=1

is known as the inertial term, which is nonlinear, non-Lipschitz and unbounded.
We want to solve for u(t) and p.

Recall that
2. Ou;
V- u = Div(u) = -4
( ) 3 (9$j
7j=1
and V - u = 0 means “incompressibility” of fluid, also known as conservation of
mass. The volume occupied by the fluid remains the same at all times, i.e. u is

solenoidal. Equation (4.1) is the balance of momentum equation. In 2-D, (4.1) is

the same as

Ou; 2 Ou; .
G v+ wigd = 5+ f(1),¥) = 1,2

V-u=0
The boundary condition is the no-slip condition.
Let T" > 0 be given. We want a solution u(t,z) in [0,7] x G. In 2-dimension

case, we again use the same notations for the spaces:
H:={ueLl*G)?:Vu=0,u-i=0}
where 77 is the exterior normal vector to G, and
Vi={ucW"G)?: V- -u=0,ulsg =0}
Then V — H. Let | - | denote the H-norm given by the usual L?*-norm, that is,
= ([ (a3 + u)da),
a

and (+,-) denote the H-inner product. Let || - || denote the V-norm given by the

H'-norm where H' = W2(G).
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Proposition 4.1. With the boundary condition, the V-norm is equivalent to |Vul?.

Proof. Clearly,

y|u||2_/\u|2dx+/ Vuldz
G G

> / |Vul*dz.
¢

Conversely, we only need to show that

/ lu|?dr < c/ |Vul*dz
G G

for some constant c. This result is immediate due to the Poincaré inequality from

the previous chapter.

Thus H and V' are Hilbert spaces, and moreover,
VeH<V

where the inclusions are dense, continuous and compact. The embedding of V' in
H is compact since G is bounded. Let (-, )y denote the dual pairing.

The Hodge-Leray (also known as Helmholtz) decomposition says L*(G) = H &
Ht where HY = {Vg:g € H'}. Let 7 : L?(G) — H be the Leray projection on

H. Then apply 7 to equation (4.1) and get

W) yrAu+ wB(u) = Tf(t)

Vou=0
Therefore, we may take u € H, then mu = u. Rewrite 7B as B and 7 f as f. Again,
let A:D(A) — H, A= —7/A, be the Stokes operator, then the original system
(4.1) becomes

% + vAu+ B(u) = f(t) (4.2)

V-u=0
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where V - u = 0 is automatically satisfied since u € H. Again, f € L*(0,T;V").

Note that the operator A is self-adjoint and positive definite. Let ey, es, -+ be
the eigenfunctions. Let 0 < A\; < Ay < --- be the eigenvalues, such that Ae; = Aje;.
Also, e; € V. Then {e;} form a complete orthonormal basis in H.

Define in general for u, v, w € C(G) which are divergence free,

b(u, v, w) Z/uzaijdac

3,0=1
Then
(B(u),w) = b(u, u,w) Z/uaujw dx.
= "Ox; I
Proposition 4.2. The operator b satisfies b(u,v,w) = —b(u,w,v) and thus, in

particular, b(u,v,v) = 0.

Proof. Tt is easy to see that

b(u, v, w) Z/
; 0
— _Z/ v; wj (%cl awj)dx
_Z/vjijlv d:U—Z:/vJuz (;;}de

= —b(u,w,v)

This finishes the proof.

]

Since b is a trilinear function, it gives rise to a bilinear operator B on V x V' that
maps to V', i.e. if u,v € V then B(u,v) € V', and (B(u,v), w)y vy = b(u,v,w).
Let B(u) denote B(u,u). Then we only need to solve u € H for equation (4.2)
with the given initial condition u(0) = uo.

The following lemma is quite useful in this study.
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Lemma 4.3. For any real-valued smooth functions ¢ and v with compact support

in R, the following inequalities hold:
1 ]@*9% 1 < |@l12v|12| V| 22|V 12
2. |pla < 5101321V l7.

Proof. For any (z,y), by the fundamental theorem of calculus,

o) = / (s, y)ds = / (s, y)ds.

and
b(z,y) = /_Oo Ot (x, ) dt = —/y Do), 1)t
Then
oanl =31 [ ootsis+ [T ool <3 [ (ool las
and
el =g [ owta e+ [ ot < 5 [ oot i

Using the above two inequalities, and integrating with respect to z and v,

1
|p| 1 < —[0160|11|Dot)| L1

Replacing ¢ by ¢? in the above, and using Cauchy-Schwarz inequality twice, we

see that

|0%0°| 11 < |01 9| 11 [10Dat)] 1
< Q|29 12|010| 12| 020 | 12

<@l L2 |22V 12| VY| 12
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Thus the first inequality of this lemma is proved.
The second inequality can be proved by replacing ¢ by v in the last inequality
above and applying the following Young’s inequality.
O

Lemma 4.4. For any nonnegative real numbers a, b, and positive real numbers p,
q satisfying % + % =1,
a? bl

ab < — + —.
p q

The equality holds if and only if a? = b.

4.2 The Weak Solutions of the SNSE

The existence of the weak solutions of the Navier-Stokes system will be proved
using the Galerkin approximation and energy estimates. We consider the first m
eigenfunctions of the Stokes operator A, eq,...,e,,, where m is a positive number.

Denote

H,, = Span{ey,...,en}.
Consider the projectors P, : H — H onto the space H,,. Applying P,, to equation
(4.2), it yields:

d
aPmu + vA(Pyu) + PpB(u) = P, f.

The Galerkin system of order m is the system

W+ Y A(tm) + PnB(up) = fm
Um(0) = u

0
m

where the functions w,,(t)’s are in H],.
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We hope to have enough control on the solutions of (4.3) so that we can obtain
a solution to (4.2) as m tends to infinity.

Let &; and n; be the j-th components of u,, and f,,, respectively; that is,

&i(1) = (un(t), €)),
and
nj(t) = (fm(t)7ej)'

Then the first equation of (4.3) is equivalent to

dg; - ,
d_tj + v+ Z bler,e1,€5)&& =m;, j=1,...,m. (4.4)
k,l=1

Also, since (u)),, e;) = &}, the initial condition in (4.3) is equivalent to

§0)=¢ j=1,...,m. (4.5)

=&,

Let 7" > 0 be arbitrary. Assume that the function g,,(t) is continuous on [0, 7]
taking values in V', where V' is again the dual space of V. Since e; € V, the
function

n:[0,7] — R™

is continuous. From the ordinary differential equations theory, we know that the
system of (4.4) and (4.5) has a unique solution on [0, 7], say £(t), defined for ¢ in
a neighborhood of ¢ = 0. In fact, 7 can be oc.

Recall that P, is the projection from H to H,,. Note that H,,, = H, =V, =V,

being all n-dimention spaces. Moreover, for g € H,,,
9= &
j=1
- 172 €5
=D &N G5 € Vn
=1 Aj

J

41



Denote h; =

N , then {h;}22, form a complete orthonormal basis in V.
In equation (4.3), each w,, = > 7% (U, €5)me; = 3 _7-, §je;. Thus, equation (4.3)

is equivalent to:

m d m
Zej €J ij ej) + B Zgjej an€j7
j=1 j=1

which is

Z . df] +v ij/\ e; + Z §]§k 6],6k anej,
j=1

j=1 G k=1

Then the system (4.3) yields

U (t) + I//Ot P, Au,,(s)ds + /Ot P, B(un(s))ds

+ /Ot fm(s)ds

By the energy equality, one obtains

t

|t (1)) + 21//0 (P Aty (8), um(s))ds + 2/ (P B(um(8)), um(s))ds

0

— Jup(0)? + 2 / (Fn(5), tm(5))ds.

Note that the scalar product in the third term on the left hand side of the above

equality vanishes since
B(um($), um(s)) = 0.
We thus have the following:

|t (1) + 21//0 (P Aty (8), um(s))ds
= lnlOF +2 [ (fn(s), (s}
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that is,

() + 20 | ()| ds = [ (O)]2 + 2 / Fon(5), tn(5)) s
0 0 (4.6)

t
< [um(0)* + 2/0 [fm(8)lve - um(s)|lvds
Using the Young’s inequality (Lemma 4.4),

20 (v - ()l = 272012 ()

< IO, o1

Applying the above inequality to (4.6) we get that

(&) + v / et ()2 < Jum () + / () yeds
< |u(0) /\fm )|vrds

= a constant, say C.

Thus,

sup Jun(®)]? < C,
0<t<T

and
t
/ e (3) s < C.
0
Note that m is arbitrary, which is the above constant C' is independent of m.
Therefore, {u,,}>°_; is bounded in L>(0,T; H) and in L*(0,T;V).
Therefore, there exists a subsequence of {u, }oo_, say {um, 72, such that {u,,, }

converges weakly in L>(0,T; H), and also converges weakly in L*(0,7T; H).

Definition 4.5. A weak solution of the Navier-Stokes equations (4.2) is a func-

tion u € L*(0,T; V) N L>(0,T}; H) satisfying % € L} (0,T;V") and the following
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system:

(2, 0) 4+ v((u,v) + B(u) = (f,v), ae. intforalveV,

u(0) = up.
Theorem 4.6. Existence. (Leray) There exists at least a weak solution of
the Navier-Stokes system (4.2) for every ug € H and f € L*(0,T;V’). Moreover,
% € L*(0,T;V') and the energy inequality

O v [ u(s)Pds < Slutto) + [ (7(s), (e

to

holds for all 0 < tqg <t < T, tg a.e. in[0,T].

4.3 The SNSE with fBm and Some Results

Now we consider the Navier-Stokes system with fBm. Let W# be a fBm. First

consider, for 0 <¢ < T, the simplest system:

du _ FdWH
5 — TAY = q)—dt

(4.7)
V-u=0

where u(0) = ug € H. Then

u(t) = S(t)ug + /Ot S(t — s)edWH

~t4 is the semigroup generated by A = —mA. First let

where formally S(t) = e
H € (1,1), for the simple case.

. . . . . . awH

Suppose W is a cylindrical fBm. Then replacing the right side of (4.7) by (ID%

where ® € Lo(H, H), we consider

0 awt
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Then the mild solution is given by
t
u(t) = S(t)ug +/ S(t — s)PdWH. (4.9)
0
Denote
t
2(t) = / S(t — s)odWH
0

Z/ S(t — 5)Pe,dB(s)
/ S(t — s)Pe,, e;)dB(s) - e;

nl]l

/too > - (@ ) dB () ¢,

n=1 j= 1
Then {z(¢)} is the solution to (4.8) with z(0) = 0.

We notice that z(t) is a.s. H-valued. To see this,

El=(t)l

t
BN [ @) asl (o)
n 7 0
t
SB[ e e el ()
n j
t t
= Z Z C/ / e~ WX (Be,,, e)e TN (Dey,, e5) [u — v 2 dudv
D 0 Jo
t u
=2C Z Z(@en, ej)Q/ e~ (tmWAi [/ e~ 0N (4 — )2y du
D 0 0
t u
<2C Z Z |<I>en|§{/ e~ (=X [/ e~ (y — )22 dy)du
o 0 0
<20 N [ ®en - A
i n

=201@[|5s Y A
J
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Since H > 1, > A< C>2, 572" < oo. Thus E|l2(t)[|3 < oo
We will also show that z(t) € L*([0,T] x G). In fact, we will prove a stronger
statement that F fOT Jo 74 (t, x)dzdt < co which will show that z(t) € L*([0, T]x G)

almost surely.

Theorem 4.7. Let the Hurst parameter H > % Let

Z(Z A | (@ey, e5)))? < oo

n J

Then

T
E/ /24(t,x)dxdt < 0.
o Ja

Proof.

T
E/ / 24 (t, x)dxdt
o Ja

—FE /0 ' /G [znjz /0 te—“—sw(@en,ej)ej(g;)dﬁf(s>]4dxdt

Denoting pt(n, j) = e~ ¢=5%(de,, e;)e;(z), we have that

E/OT/Gz4(t,x)da:dt
= [ [I23 [ s st ot

:Tl + T27

where

1= [ S [ e sy s
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and

=35 [ [ 6 [ onnaso)
n#m J
03 / pt(m, 1)dBY (s)? drdt.

For the first term 77, since the integrand is deterministic with respect to x, we

have that
1= [ [ [ st o
ST [ [ s

> [ a5 6) [ ot ast )

Recall that K} is an isometry between H and L*(T), the first summand in T}

becomes
B[ e @ )esd ()
0
=|K; (e (Dey, €))7
—|e (t=5)As i (Pey, e5)e;]3, (4.10)
—aH 1) [ [ ) Bl — o
0 0

t t
=H((2H — 1)(®e,, ej)zejz-e_zt’\j / / ety — o2 2 dydu
0 Jo

t t
/ / vtV lu — v|*# "2 dvdu
/ / u+v)/\ )2H dedu (411)
—9 / e2u/\j / e—(u—fu))\j (U . ”U)zH_QdUdU
0 0

47

Note that



Using the change of variables u — v = {*, the above (4.11) becomes
J

_2/ 2u; / 2H 2( )dwdu
Aj
_2)\1 2H/ 2u; / e ¥ 2H dedu

_2)\1 2H/ efwaH 2/ QuA]dudw
0 w

Aj

tA; 62t)\j o 62’[1)
_ 1-2H —w, 2H-—2
0 22

tA;
:AJ—QH/ e—ww2H—2(62t>\j _ €2w)dw
0

then (4.10) becomes

tA;
H(?H _ 1)((I)€n, 6]) 2t/\J)\ 2H/ e—ww2H—2(€2t/\j
0

tA; 2t 2w

_ w op o€ —e
:C(H)(@en,ej)Qe§Aj2H/O e Yt 2(W)dw
SC(H)(@en,ej)Qeix\fH/ e w2 dw

0
SC(H)(CI)en,ej)%?/\j_QH
The second summand inside 7] is
t
ZE/psny V5L (s) [ ot k)3
J#k 0
¢
~ 31 / ph(n, )G ()2 - B / pL(n, K)dB Y]
7k 0

<Z\/ ps n, j)dBH (s Z / pi(n, k)dGiT)?

k#j

— *)dw

SZ\/C(H)(q)en,eJ 2e2\21 Z\/C )(Ben, )22\ 2
J

k#j

H)(Z [(Pen, e5)] - lej] - A7 H)?
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Thus T} can be bounded by
T
CZ/ /[Z(%n,ej )2en 2+ Zl Be,,e;)| - lej| - ATH)Pdudt
| (4.13)
<QCZ/ / (Pen, €)% 3N 21)? + (Z|(<I>en,ej gl - A7) dadt
J

The first summand of (4.13) is
2TCZ/ (Pey,, e5)%e ?A;QH)2dx

=2TC} Z Z )\i_zH)\fH((Den, ei)?(®Pe,, e;)? / e e?dx

i €5 4.14
n o ,J G ’ ( )
<2TCy YN NN (e, ) (e, )
n  4,J

Since

il < Slesl ol Ve
JILY = 9 Jlr2 Jlr2
1 1
= 51Veilze

:O|€j%

e

= C(VA)%,

M‘H

the equation (4.14) becomes

<2TCh Z(Z )\}/zsz((I)en, ej)?)? < oo,

noj
by using the assumption on .

Meanwhile, the second summand of (4.13) is
20 [ (Sl0en el e X" e
<2TC’Z/ Z H )\ij De,y, €5, |ej, | dx

Jr k=1

<21y (> N |(®en, e5))) < 00
n J
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by the hypothesis on .

Thus, T7 < oc.

For the second term 75, using the independence, we get that

T, = 2// Z/psnjdﬁH Z/psmzdﬁH (s dadt

n#Em

< [ LA B [ st
<[/ (S Iene o™
S5 Dl | (R SRTRET

m,n 11,i2,J1,J2 k=1

/ (3 Tk = 1l s

- [ (S l@enexy ey
<0

by the hypothesis on .
Therefore, T < oo.

Thus we proved that

T
E/ /z4(t,w)dwdt < 0,
o Ja

that is, z(t,z) € L*([0,T] x G) a.s., for the case H > 3.
O]

Next we consider the case for H € (0, ) A useful inequality will be applied to

prove the following lemma.
Minkowski’s Inequality for Integrals. Let (X, M,pu) and (Y, N,v) be o-

finite measure spaces, and let f be an M ® N-measurable function on X x Y. If

20



f>0and 1 <p < oo, then

[ (] fepatrua < [1] e prine) ).

Lemma 4.8. For 0 < H < 3, fot e ( [y yH=3(ev — 1)dy)2dz is bounded.

Proof. Define two measures on [0, 00), dv(y) = y~2(e¥—1)dy and du(z) = e 2*dz,
then both v and p are o-finite. To see this, it suffices to show that for fixed
n=0,1,2,---, v([n,n+1)) and p([n,n+1)) are finite. Clearly, p([n,n+1)) < oo.

For v,

v((0,1)) = / Y H (e — 1)dy
0 (4.15)

1
= lim yH_%(ey — 1)dy,

By integration by parts, (4.15) becomes

e—1 I 1yH_%ey
= T — lim i —dy
H—5 «0Jc H—3
—1 1 LyHtsey
_Z 1 H 1(H61_ 1 ?JH Nidy)
3 3 3 Ve 3
e—1 e 1 LyH+s3ey
= + lim d
s—H (—-H)(3+H) $—-He0J. H+; 2
e—1 e
S TIoH T GomG )
2 2 2
e n 1
s+H 1-H
< Q.

For n > 1,

o1



Therefore, by the Minkowski’s inequality for integrals,

[/ot 6_2$(/0t Lo (y)yH_% (e¥ — 1)dy)2dx]%

t t
[ tomtw)e daliy e~ 1)dy
0
t
e_yyH_%(ey — 1)dy

<

<

J
J

< Q.

So the result is obtained. The bound is independent of ¢.

Theorem 4.9. Let the Hurst parameter be as % < H < s If

DN (@en,e))])? < oo,

T
E/ /z4(t,w)dwdt < 0.
o Ja

it follows that

Proof.

T T t
E/ /24(t,x)dxdt :E/ /(/ e~ DADAWH (5)) dadt
o Ja o Ja Jo

—FE / ' / (Z / t e~ )4, dBH (s)) dudt
"y / / Z / n) + b (n)dBa(s) ) dadt,

where
al(n) = K(t,s)e”94de,

and

t
K
im) = [ (e ey, Py,
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Then

E/T/z4t:xd:vdt
o [ 15 o 5 v

+3) ( / n)d,(s))*( /0 b (m)d B (s))?dzdt (4.16)

n#m

The first term of (4.16) is

:/OT/GZ”E(/;K“’ $)e D, (5))* Pt

Since K (t,s) < ¢(H)(t — )~ 257~2 see Decreusefond and Ustunel [5], we get

E(/t K(t,s)e =94de,df,(s))?
< / (3 (@en, e5)e; () (t — 5)1/2H 120~

J
t
S/ D |(@en, €)[[(Den, €5)][e:(x)]e; ()]
O 7/7]
(t— $)2H—1SZH—le—(t—s)()\i—i-)\j)ds
<Y (@en, )|l(Pen, e))llei(@)]e; ()]
2

t
. (/ (t . S)2H—182H—16—2(t—s)/\id$)1/2
0

t
. (/ (t . 8)2H—182H—16—2(t—s)>\jds)l/?
0

23



Note that

t
/ (t . 8)2H7152H71€72(t73))\jd8
0

0
W \og-1 W o1 —w 1
= — t— — ——)d

tA;

by changing variables (t — s) = 73-. Then the above becomes
J

(9 \—2H 2 —w, 2H-17, W \oH—1
=(2))) e Yw (t ) dw
j
2

0
—92H At At —w, 2H—1 W o1
—@) ([ [ et - S
0 Ajt J

Since 2H — 1 < 0, the above term is

t )\jt
Ol
0
()\‘t)QHfl /2)\jt e,w(t . i)QH*ldw]
’ At 2);
t Ajt
Sl
0
0
()\jt)QHfl //2 672(t75))\j52H71<_2)\j>d8]
t
t .t 2H t
:(2)\j)_2H[(§)2H—1 . % + (ML) /2 o2 2H 1]
0
t M\t)H t)2H
S(Q)\j)—QH[(E)QH—l . % + ()\jt>2H—1<2)\j)<€_t>\j%)]
2—4H
== (1+ e—Ajt)t4H—1

Let C(H) again be a generic constant. By the above calculation,

B( / K (t,5)e = Be,df, (5))°

<C(H) Y |(Den, e)ll(Den, e5)es(@)]le; ()|

i3
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Therefore,

/ / 2B, ) e df () dndt
S/O /GX“:(Z’(q)e"’ei)H(q)e"’€j>|’ei(x>|’ej($)|t4H1)2dxdt

T8H 1

< [ > D10l el s o)) S

2
=0 > II(@en eill(@en e)lleq ()l]e;, (2)lde

n o i1,i2,51,52 k=1
<CZ Z| De,, ;)| A4

<0

by the assumption on .

Thus the first term of (4.16) is finite.
Now let us denote

. P (t—s)\s 0K (r,s
) = [ (N = ), e,

then the second term of (4.16) is

[ S [ o gy o
:3/0T/GZ[2dxdt, say.

Since

0K (r,s)

N

| < CUH)(r—s)"2,
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we see that

t
JgEZ/ b (n, )b (n, j)ds

—CZ/ / ~(=rA _ (=9

(t—ro) s s _3
'/(@ ErDA — ) (Rey, ¢))lej ()| (r — )2 dro)ds

(Den, e)llei(@)](r — s) 2 dry)

—CZI Den, €5)|lei(2)]|(Pen, €5)][e; ()]
/ ds / drl/ dro(r VI3 (ry — ) H5/2
(e N g (=) My (o= (i) o= (t=9)Ag)
Using the change of variables
u=t—s, vy =t—ry, vg=1—rs,
the above expression becomes:

—CZ\ Den, ei)|les(2)|[(Pen, €)|le; ()] (4.17)

/du/ dvl/ dvy(u — v1) 7~ 3/2( )H_3/2

'( V1A —e —uM\; )(e ’Uz)\j _6711)\]')

ZCZ |(@en, ei)|lei(2)|[(Pen, €;)le; (x)] (4.18)

t u
0 0
- / (1 — vp)H32 (=% — =) ). (4.19)
0
Now Consider
/ (u . UI)H—3/2(6—U1>\i . G_UAi)dvl.
0

Putting r = v — vy, it is equal to

e_’\'i“/ rH=32 (AT — 1)dr.
0
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Using this twice, we get that the expression on the right side of (4.19) is

_oz|<1>en,ez||ez @) @en, e5)][e;(x |/ ()

% / AR = D) ([ - D
0 0

<Ky [(Pen, ei)llei(2)]|(Den, 5)e (@) ATTATT,

i7j

where we have used Lemma 2 in Tindel, Tudor and Viens [21].

Thus the square of the expression in (4.19) can be bounded above by

2
Kf Y 1T I®en eq)llen (@)l1(Pen, e5)lles (2) AN

11,82,J1,J2 k=1

Therefore,
T
/ / > Pdwdt <Y (O |(Pen, )2
0 G n %
which is finite by the hypothesis on ®.

Finally, the third term of (4.16) is

31 / [ 3 ([ sy [ vmpdsnts)asa

mnm;én

//ZE/ n)dfa(s))” - (/Otbi(m)dﬂm(S))dedt.

We use the basic inequality

2 b2
p< L 42
W= 5ty

on the right side of the above expression.

o7
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Consider

// ZE/ R)dBa(s))2)?

2
= / / ZZz’hz‘z,Ja,yaH\(@en,eikmwm(@emejkmejk(x)rtw
-1

;ZHk—l (@ e )N g

<o0.

Also,

[ > 5 [ smasaonry

// ZZ TT1(@em e300l @em ex)] lese ()] s, () A A

SCRoQ 1(@en, )12

<0oQ.

Therefore, the third term of (4.16) is finite.

4.4 The Existence and Uniqueness of the
Solutions of the SNSE with fBm

Now we consider the stochastic Navier-Stokes system with fBm with non-linear

term.

du awt
9+ Au+ B(u(t)) = ¢~
ot dt (4.21)

V-u=0
with the initial condition u(0,x) = wug(z) € H, and the boundary condition

u(t,z) = 0 for x € 0G, Vt > 0; A = —mA being the Stokes operator, and B
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being the non-linear term. From the previous theorems, we know that z(t) satisfies

0z dwH
a + AZ = (I)—dt s

with z(0) = 0. Denote v := u — z. Notice that

v _ ou_ o
o ot 0ot
H H
= (—Au— B(u,u) + @d%) —(—Az + q)d%)

= —A(u—z2) — B(u,u)

= —Av—B{w+z,0v+2)
So solving u for (4.21) is equivalent to solving v for
ov

a—l—Av—i—B(v—%z,v—%z):O

with v(0) = uy € H. The mild solution v should satisfy
v(t) = S(t)ug — /Ot S(t —s)B(v(s) + z(s),v(s) + z(s))ds (4.22)
Recall from Section (4.1) that
(B(u),w) = (7((u- V)u),w),

where 7 is the Hodge-Leray Projection. B is a bilinear operator from V' x V to V/;

That is, if u € V then u,v € W%(G), B(u,v) € V', and
(B(u,v),w)yrxy = b(u,v,w) = =b(u, w,v).
The Sobolev embedding gives

= W2%(G) = LYG),

N[

H

SO
lullzs < Cllull e,
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Then for u € LY(G),
[(B(u),w)| = |b(u, w,u)]
2 dw;
=1
S |u|L4|Vw]L2(G)|u\L4
< O|U|W%,2|VM|H|U|W%2
— Clulyfulvlul,

11 11
Clul g |ul i [wlv |ul fluly

IN

IA

Clulglulyv|w|v

Then
B(u
sup M < Clulgluly,
weV,|w|y#0 |w|V
and thus
[ B(u)[lv: < Clulm|uly.
Now define

h(t) = - / S(t — 5)B(y(s). y(s))ds.

where S(t) = e~/ is again the semigroup generated by the operator A, and
y € L*[0,T]) x G.
Then h(0) = 0. Besides, by the energy equality,
(O = =2 [ 19hfads =2 [ (Blols). hs)vrevis
<=2 [ ftas+2 [ 1B 6l

t
<9 / B2 ds + / B(y(s))Pds + / Ih(s)[2ds
0 0 0

60



So
t t
B+ / h(s)|2ds < / |B(y)[2ds,
and thus

t t
sup (Wl + [ b(s)ds <2 [ B s
0 0

0<t<T

which is bounded.

Therefore, h(t) € L®(0,T; H) N L2(0,T; V).

Now consider the map

for y € L*([0,T] x G). Since
[(B(u1) — B(uz), ¥)]

= [b(ur, u1,¥) — blug, uz, )|

< [b(ur — ug,ur, )| 4 [b(ug, ur — uz, 1))

= |b(ur — ug, ¥, ur)| + |b(u2, ¥, us — ug)|

< ur = ug|pa| Vb g lui|pa + |ua|pa [V  rur — ua| s

= |ur — up|pa ||y (Jur] e + |ug[rs),
which means

|B(u1) — B(ua)|r20,rv7y < Clur — ua|pa(|ur|ps + |uglpe)
and thus
|B(vy + 2) — B(vz + 2)| 20,y < Cloy — valpa(|vy + 2| a + [v2 + 2|14).
Then
[R(y1) — R(y2)|rs < C|R(y1) — R(y2)l ;5.2

< C|R() — Rp)l3 - IR(y) — Rw)|}
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Then

| R(y1) — R(y2>’L4(O,T;L4(G))
~([ 1R - Rl
<C(|R(y1) — R} - |R(y1) — R(yo)[3dt)’

<C( sup |R() — R(y)l - / R(p) — R(yo)[2dt)}

< / B(yn) — Blyn)odt)?):

<Clyr — valrao.r1xa) ([Y1| Lo o, x6) + |2l 2o xay)-

Now define

L(y) :=S(t)vy — /0 S(t—s)B(y(s) + z(s))ds
=Svy+ R(y + 2)

for Svg,y,2 € L*. Then L maps from L*(0,T; L*(G)) to itself, and

|L(y1) — L(y2)| 22 0,m;09(c)
< Cly1 = Y2leaqomxey (v + 2| aqoxa) + Y2 + 2| Laqor1xa))-

Then choose T} such that

y; € Bi(—2), i=1,2,

el
where B denotes the ball in L*([0,7] x G), with center —z and radius 5. This
implies

Clyr + 2lzaqoyxe) + Y2 + 2lLaomxa) < 1,
for all y1,y, € B.

Therefore, L forms a contraction on the local time interval [0, 7). Then by the

following fixed point theorem, the unique solution exists, say vy.
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Theorem 4.10. The fixed point theorem. Let L be a map of the complete
metric space X into itself. If R is a contraction, then there exists a unique point z
such that

Lz=z.

Now considering v; as the initial condition, one can find 7, > T3 such that the
time interval can be extended to [0, T5] on which the unique solution exists, say vs.

Continuing this way, suppose 7 is the maximum time up to which the unique
solution exists, and suppose 7 < T, then we can extend 7y > 7 such that the
unique solution exists on [0, 7], since the L>(0,T; H) N L*(0,T;V) bounds hold
for any initial condition that lies in H. Therefore, 7 =T

Therefore, the unique solution exists on the entire time interval [0, T].

The above work is summarized in the main theorem given below:
Theorem 4.11. Let W/ be a cylindrical fBm. Let ® € L(H, H). Then there exists
a unique mild solution of the stochastic Navier-Stokes system (4.21):
m H
Qu t Au+ B(u(t)) = ¢9%=
Vou=0

under the following conditions on ®:

1. For the case 5 < H < 1:37 (37, )\;/4_H|<I>en,ej])2 < 005

[

2. For the case + < H < i: (22 /\;/4|((I>en,ej)|)2 < 0.

o]
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