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ABSTRACT

Sequences of numbers and transformations from sequences to functions have been
studied extensively, including the multiplication of two sequences through convolution
and the equivalent multiplication of functions. The focal points of this thesis are the
convolution field of causal sequences, a = (...,0,0,ax, agi1, agro,...) with k € Z, and
their Z-transforms Z(a) := > a;z'. Classically, the treatment of the Z-transform has
been limited to those causal sequences for which the power series > a;z% has a nontrivial
radius of convergence. In this thesis it is shown that the Z-transform can be extended
to all causal sequences without compromising any of the operational properties of the
classical Z-transform.
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1 CONVOLUTION
1.1 The Field of Causal Sequences

In signal processing, the Z-transform converts a time domain signal, which is a se-
quence of real numbers a = (ag, aj, as, . . .) into a complex frequency domain representation
Z(a). Depending on the reference one uses, Z(a) is either defined to be the power series

Z(a) = ag+ a1z + agz® + . . .,
or a Laurent series
Z(a)=ap+ 2+ % +...

Clearly, the two representations are equivalent up to the substitution of z by % and vice
versa. In the mathematical literature, especially in combinatorics, the Z-transform is also
known as the method of generating functions [13]. The history of the Z-transform seems
to be unclear. According to Kirk and Strum [5], the Z-transform was used first by Gardner
and Barnes in the early 1940’s to solve linear, constant-coefficient difference equations and
by W. Hurewicz in 1947 to transform a sample signal or sequence. According to a website
maintained by Professor Mark Liberman of the University of Pennsylvania, the term Z-
transform originated in 1952 from a sampled-data control group at Columbia University
led by Professor John R. Raggazini [6].

Our approach to the Z-transform is somewhat different from the literature in that we
consider causal sequences a = (...,0,0, ag, Gxi1, gr2,-..), where k € Z. Such sequences
“causal” since they start at some time k (i.e., something caused the observations a; to
start at time j = k). In Chapter 2 we study the Z-transform

Z(a) == apz® + ap 125+ ap 024
assuming that the power series converges; i.e., we will assume that

limsup\an\% < 0. (1)

n—oo
In Chapter 3 this assumption will be removed. For arbitrary sequences
a = ( .. a07 07 Qs 15 A2 - - ')a

the power series Z(a) := apz® + apy12** + ap22572 + ... might no longer converge for
any z # 0. Therefore, we adopt an asymptotic viewpoint and define the asymptotic Z-
transform of a time signal a = (..., 0,0, ax, ax+1, agr2, .. .) as the equivalence class of all
functions f which

1. are defined on some sectorial region S¢ = {\ € C : |argA\| <0, 0 < |\| < r}, where
0<r<oo,0<60<m and

2. have an asymptotic expansion at 0 of the form > a;2".



Further details of the asymptotic case are found in Chapter 3.
We begin by defining the set of causal sequences and the operation of convolution.
A causal sequence is a sequence of the form

a := (ap, (a_1,a1), (a_9,as),...)

but one usually writes this as
a:=(...,0,0,ag, ags1, agio, .. .), (2)

where k € Z, and each element of the sequence is a complex (or real) number. If a; # 0
and a; = 0 for all j < k, then £ is called the lower index of a and write

k’l = mdl(a) = k.

If, in addition, ag, # 0 and a; = 0 for all £ > k, then the sequence is said to be finite, k,
is called the upper index of a and we write

indy(a) := ky.

If, for all k € N, there exists k; > k such that ax, # 0, we say that ind,(a) = co.

Denote by m the set of all causal sequences. Clearly, m becomes a vector space with
coordinate-wise addition and scalar multiplication. Define a multiplication, %, on m by
the convolution (Cauchy product) a x b = ¢, where

Cr = Z ak,ibi = Z aib]’. (3)
1=—00 i+j=k

Notice that the sum in the definition of ¢ is finite since b; = 0 for 7 less than the lower
index of b and a;_; = 0 for ¢ larger than k — ind;(a), i.e.,

k—ind;(a)

=Y b (4)

i=ind;(b)

Denote the convolution product of more than one sequence by

ap=ay *ag*...%xa, n€{NUoco}, andwritea” for gxaxax...xa.

1 ~

—.

)

n times

Proposition 1.1. For a,b € m,
indj(a*b) = ind;(a) + ind;(b). (5)
Moreover, if a,b € m are finite sequences, that is ind,(a) < oo and ind,(b) < oo, then

ind,(a*b) =ind,(a) + ind,(b). (6)



Proof. For part 1, if k — ind;(a) < ind;(b), or equivalently, if £ < ind;(a) + ind;(b),
then ¢, = 0. Thus, ind(a x b) > ind;(a) + indy(b). If k = ind)(a) + indy(b), then
Ck = Qindy(a)bing,»y # 0. For part 2, let a be a causal sequence with ind;(a) = k, and
ind,(a) = k, + n for some n € N. Let b be a causal sequence with ind;(b) = k;, and
ind,(b) = ky + m, for some m € N. Without loss of generality, we can assume that
ko+n <ky+m. Then ¢, = > ap_;b;. Since aj_; = 0 for k —i > k, +n or equivalently

1=—00

a < k —k, —mn, it follows that ¢, = > ar_;b;. Also, since b; = 0 for i > ky, + m,
i=k—kq+n
karm
then ¢, = > ap_;b;. In particular, ¢y = 0 when k — k, —n > k;, + m or equivalently
i=k—kqs+n
karm
k> ky+m+k,+n. When k = ky+m+k,+n, then ¢, = > ap,1nbi = Qry1nbiyrm # 0.
i=ky+m
Therefore, ind,(a * b) = k, +n + ky + m = ind,(a) + ind,(b). |

Proposition 1.2. Let a = (...,0,0, ax,, aggs1,.-.) and b= (...,0,0,bg,,bg,11,--.), then

ax*b= ( .. 707 07 a’kobku a’ko—‘rlbkl + akobk1+17 ako+2bk1 + ako+1bk1+1 + akobk1+27 .. ')7 (7)

where ay,by, s in the (ko + k1)-th position. Moreover, if a x b = 0, then either a = 0 or
b=0.

Proof. Equation (7) follows directly from the definition of the convolution product. If
a # 0 and b # 0, then ay, # 0 and by, # 0. Thus, by Equation (7), ¢k, = arobr, # 0,
where ¢ = (¢,)nez = a x b. Therefore, a * b # 0. [ |

Example 1.3. Let a=(...,0,1,1,1,1,0,...),and b=1(...,0,1,1,1,1,1,1,0,...).

T T T T
a—o al by be
Then a * b = ¢, where ¢, = >, ag_;b;. Since b; =0 for i ¢ {1,2,...,6} and b; = 1 for

1=—00

ie{l,2,...,6}, giving

6 6 k-1
Cr = Z ak,ibi = Z Ap—y = Z aj.
H—— i=1 j=k—6

Since a; = 0 for j ¢ {—2,—1,0,1,2}, we obtain ¢, = 0 if k — 1 < —2 or equivalently
k< —1and ¢, =0if k —6 > 1 or equivalently k£ > 7.

—2 —2 -1 6
Moreover, c¢_;= >, a;= >, =as=1, co= > a;=2,..., ¢g=y,a;=1and
=17 =2 =6 j=1

c=1(..,0,01,2,3,4,4,4,3,2,1,0,0,...).
T T

c_1 cr



In the following examples, we will see that the convolution product appears naturally
when one considers the probability distribution of a sum of independent random variables.

Example 1.4. Consider an experiment in which a fair dice is tossed two times. Denote
the probability of rolling the number k£ on each of the tosses as a,. The probability
distribution of the possible outcomes k, of rolling a fair dice once, can be represented as

_ 11 11 1 1
a ("'70707676767676a67070"')7
T T

al ag

Now consider the random variable consisting of the sum on the faces of the two tosses. The
probability of the sum of the tosses being equal to 2, p{i+j =2} =p{i=1,j =1} = 5.
We also have p{i+j=3} = p{i=1,j=2}+p{i=2,j=1} = &, p{i+j=4} =
p{li=1,j=3}+p{i=3,j=1} +p{i=2,j =2} = &, etc. The range of the sum is
from 2 to 12, the sample space consists of 36 possibilities, and the probability of each
outcome, p{i + j =k}, can be represented by a * a,

o0
(axa)y= > aa; = Z Qi Q.

i+j=k 1=—00
Since ind;(a * a) = 2, the first term of the sequence (a * a); is (a xa)y = > aa; =
i+j=2
aja; = 3%. The next term is Y a;a; = a1as + aza; = %. The last term is (a * a)12 =
i+j=3
Y aia; = agag = %. So, the convolution operation represents the random variable
i+j=12

giving the sum of the two rolls,

. S _ 1 2 3 4 5 6 5 4 3 2 1
P{Z—F]}—CL*CL—(...,0,0,%,%,%,%,%,%,%,%,%,%,%,0,0...).
T T

(axa)2 (a*a)iz

Example 1.5. Consider the sequence a = (..., 0,0, , }l, 0,0,...). This can be

=

)

=

Y

— =

a_s

thought of as a probability distribution representing a spinner which can take on the values

k € {—2,—1,0, 1} with equal probability, and the sequence b = (...,0,0,%, 1 L L L1 00

76767 6767 6767
T
by

as representing the roll of a fair dice with face value i € {1,2,3,4,5,6}. Then, the prob-
ability a; of the spinner landing on £ is i and the probability of the dice showing the

value ¢ is always %. The sum of the spin and the roll, which ranges from -1 to 7, can be
represented by the sequence



Plk+i}=axb=(...,0,0,% 2 2 L 4 2 3 2.L.00,...).

’2T4’ 247 240 24> 240 247 240 247 2T4’

(a*b)_1 (axb)r
|

From Examples 1.4 and 1.5, and most importantly from Equation (3), note that the
probability distribution of the sum of two independent random variables with probability
distributions a,b € m is given by the convolution product a * b. The probability distrib-
utions of Examples 1.4 and 1.5 are uniform, as for a, # 0, then a, = ¢, where 0 < ¢ < 1.
The following examples illustrate a non-uniform distribution. Further examples can be
found in [4].

Example 1.6. Consider successive tosses of a coin with probability of heads equal to p
and probability of tails equal to 1 — p on each toss. The probability of getting & heads in
n successive tosses is given by the sequence

b(n,p) = (...,0,0,0,(3) (L —p)",(N)p(L = p)"1.(5)p*(1 — p)"2,....(})p",0,0,0,...).
T T
P{k =0} P{k=n}
Intuitively, we can predict that the result would be the same if a single coin were tossed
n times or n identical coins were tossed each once, i.e.,

b(n,p) = b(1,p)",

where b(1,p) = (...,0,0,1 —p,p,0,0,...). Algebraically, this can be easily verified using

T
P{k =0}
induction. More generally,

b(n,p) * b(m,p) = b(1,p)" *b(1,p)™ = b(1,p)" ™™ = b(n + m, p).
[ |

Example 1.7. In many applications we encounter trials in which n is so large that the
product A = np is of substantial magnitude. In this case,

b(”ap)k = (Z)(l - p)n_kpk = k[(:ik)!(l - %)n_k<%)k =

n(n—1)...(n—k+1)) \» n o N —
( T)LTL(TL = ))%(1_1%)1@ (]- - %) 2 A

if \ is fixed and n large. Thus, if A = np when n is large, then a convenient approximation
to the binomial distribution, b(n, p), is the Poisson distribution given by the sequence

e A )\E _ 2 33 4 )5
p(/\) :( k!)\ )kzo:e )\("'70’070717>")2\_172_!7%’)5\_!7-")
T
P{k =0}

For Poisson distributions, we have that



p(A) * p(p) = p(A + ),

k k o
since ;]p()\)i (1) k- E e_’\’l\, _“-LZ) = e~ L ;) (YN ph—t = e Ot LN 4 p)*.

In the examples above we dealt with probability distributions a = (ay)rez. In these cases,

arp > O0forall kand > ap = 1. We have seen that if a, b are two probability distributions

k=—00

then ¢ = a * b is a probability distribution with ¢; > 0 for all £ and > ¢, = 1. If we

k=—o0
define the 1-norm of an absolutely summable sequence a = (a)rez as

lalh = laxl, (8)

k=—0oc0
then these observations can be extended as follows.

Proposition 1.8. If a,b € m are absolutely summable sequences, then a b is absolutely
summable and

lla bl < flall[|b]]:. (9)
Moreover, if ag, by > 0, then ||a*b||; = ||al1]/b||

Proof. Clealy, flaxbl, = 3 | ¥ aibyl < 5 % lailltl = llall, [bl], (sce also
k=—oco i+j=k k=—o0 i+j=k

Equation (18) which provides a more detailed argument). Now let a and b be sequences

with ay, by > 0 for all k. Define two positive sequences a and b by a := Hall , and b= 2 ”1
Then ||al|, =1 and Hi)” = 1. From Equations (4) and (8), it follows that

1

laxbli= > (X ab)= > a > b= > > ad
k=—o0 i+j=k 1=—00 k=—o00 k=—00 i=—00
:Z Zakzb—zgzzak_zzl
t=—00 k=—00 i=—o0 k=—o00

Therefore, || blli = (a1 ||bllr, and [l ]l = [|a]l1|[b]:- u

We denote by ey :=(...,0,0,1,0,0,...) the k-th unit sequence, and in particular
T
k-th position

e 1= (...,o,o,o,%,o,o,o,...).

0-th position



oo
It is sometimes convenient to write a sequence a = (ay)gez in the form a = > aey. It
k=—00
is important to note that this is a purely formal “infinite” sum; that is, there is no limiting

procedure involved. The sole meaning of ) agey is that it coincides with a = (ag)kez.
k=—0c0

Theorem 1.9. The set of causal sequences, m, along with the operations of addition and

convolution, (m,+,*), is a field with multiplicative identity I := eq.

Proof. 1t is clear that (m,+) forms an abelian group. We now show that the convolution
operation is commutative and associative, that eg is the multiplicative identity, and that
the distributive law holds in (m, +, ¥). Commutativity follows from

(axb)y= > ap-ibi= > ajbpj= > beja; = (b*a).
i=—00 j=—00 j=—00

j=k—i

For associativity of the convolution operation, observe first that

((axb)ixc)p= 32 ( X aijbj)an—i=( 3 2 aigbjer-i)e=( 22 > aijbjci-i)k
i=—00 j=—00 i=—00 j=—00 j=—00i=—00
=( 2 X aigbja-ie =023 bj > aijcr—i)k-
J=—001=—00 J=—00 1=—00

Let m=k—i+j,theni=k—m+j, and

(2 b X aigo-ide=( 3 b > GrmCmj)i-
J=—00 1=—00 J=—0 m=—0oo
Let m = 1, then
(22 b5 2 remCm)e=( 22 by > ap—icij)=1( > 2. a—ibjcij)k
j=—00 m=—00 j=—00 i=—o00 j=—00i=—00
=( X X aibjeige=( 22 ar—i > bjcij)p = (ax (cxD))
i=—00 j=—00 1=—00 j=—00

= (a * (b*c))x by commutativity.

That eq is the multiplicative identity follows from

(axep),= >, a;(eg); = ay, since (ep); =1if 7 =0 and (eg); = 0 if j # 0.
itj=k
By commutativity, (a * eg)r = (eg * a)py = ag. The distributivity of the convolution
operation follows from

(ax(b+i= > ailbt+ci= 3 apilbi+c)

1=—00 1=—00



= > ar_bi+ap_ic;=(axb+axc).

Having established (m,+,*) as a ring, we further prove that for all a € m,a # 0, there
exists an unique b € m such that a xb = ¢y. To show uniqueness, recall that by Equation
(7) that (m,+,*) is an integral domain; i.e., if a xb = 0, then either a = 0 or b = 0. Now
assume there exists by, by € m such that a x by = eg and a * by = ¢y for a # 0. Then
a*(by—bg) = 0. Thus, by —by = 0 or by = by. To show existence of a multiplicative inverse,
let a be a causal sequence with ind;(a) = k. Then, by Equation (5), we can assume that
the inverse has the form

b - ( . 70, O, b_k, b_k+1, b_k+2, . )

Then eg =axb=(...,0,0, apb_r, aps1b_i + arb_ri1, Qpiobj + api1b_pi1 + arb_jyo,

Apt3b_i + Qrpob_ji1 + Qpy1b_pyo + apb_pys, .. )

Equating terms and solving for the coordinates of b = a~!, we have
b=
b1 = —ﬁ(akﬂbfk) = _aZ%I,
b_py2 = _i(akJerfk + App1b_py1) = —#(az—:? - %)7
b g3 = —i(a;ﬁgb_k + apyob_gi1+ agpi1b_gi2), and in general for m € N,
m
bkim = —b_y Z Ag—itm+10—kti-1, (10)

i=1
A Mathematica program to find the first hundred elements of the inverse of a finite length
causal sequence is given in the Appendix. [ |

Example 1.10. Consider the sequence a=(...,0,0,0,1,2,3,4,5,6,...).
T
0-th position
Then, by Equation (10), a~! = b, where
bo = % - 1,
by = —a1by = -2,
bg = _<a2b0 + albl) = —(3 - 4) = ]_, and

bs = —(azbo + ashy + arby) = —(4 — 6+ 2) = 0.

By induction that b, = 0 for n > 3. Suppose the statement is true for some n > 3. Then
bn+1 = —(an+1b0 + Clnbl + an,lbg) = —((n + 2) — 2(n + 1) + n) = 0. ThUS,



a'=(...,0,0,1,-2,1,0,0,...).
T
0-th position

Example 1.11. Let a=(...,0,1,1,1,1,0,...), which is the same sequence a of Example

T
0-th position

1.3. From the program in the Appendix that computes the first n terms of the inverse

a~!, we suggest that

a'=b=(..,0,0,1,-1,0,0,1,—1,0,0,1,—1,0...),
T
0-th position

with a repeating pattern of (1, —1,0,0). To prove our hypothesis we compute a * b and
find that ind;(a xb) =0, (axb)y =1,

(CL* b)l = a0b1 + a1b0 = bl -+ bo = 0,
((1 * b)g = Clgbo -+ a1b1 -+ a0b2 = bo -+ bl = 0, and
(CL * b)g = agbg + agbl + albg + aobg = 0.

For n > 47 (CL * b)n = aJObn + albnfl + a2bn72 + a3bn73 = bn + bnfl + bn72 + bn73 =0
since the sum of any 4 consecutive coordinates of b equals 0. This shows that a x b = eq
orb=a""l.

Example 1.12. Let a = (...,0,0,1,1, ;, 3,, 4,, ...), where the first term is in the 0-th

position. Then a~! = b, where bo =1,b =

b2 = —(a2b0 -+ a1b1> = —<— — 1) % and
bg = —(a3b0 —+ agbl -+ albg) = —(% — % + %) = —%.

This suggests that b, = (—1)”%. Suppose the statement is true for all 0 < i < n. Then
bn+1 = _(an—l—lbO + anbl -+ a,n_lbg + ...+ Cl,lbn)

- _((n—il—l)! B # + 2!(n1—1)! o 3!(n1—2)! oot (_1)7%)

= (=)™ (=D + (=1)" Moty ez i ()0t

n

= (1" S D) = () e S ()




n+1

- (U B )

— (_1)n+1 (nil)l[_(l _ 1)n+1 + 1] — (_1)n+1 (nil)!’

The examples above show that for infinite sequences 0 # a € m, the inverse may
be finite or infinite. In Proposition 2.12 we will characterize those infinite sequences
which have a finite inverse using the Z-transform. If @ is finite (i.e., ind,(a) < 00), then

we distinguish between two cases. If a has exactly one nontrivial coordinate ay; i.e.,
a=(...,0,0,at,0,0,...), then
atl=b= (...,0,0,b_k,0,0,...),

where b_j, = i The case where 0 < ind;(a) < ind,(a) < oo is addressed in Proposition
1.13. Computing the inverse a~! by the method of the previous two examples is a time-
consuming and tedious process. In the next section we will find a more effective way of
doing so by means of the Z-transform. We will find that the Z-transform will solve the
problem of computing the convolution inverse of a finite sequence by reducing it to these
elementary algebra procedures

(1) factoring polynomials (The Fundamental Theorem of Algebra),
(2) partial fraction decomposition, and
(3) the geometric series.

Proposition 1.13. Let a € m be a finite sequence with more than one nontrivial coor-
dinate, i.e., —oo < indj(a) < ind,(a) < co. Then a™' is infinite; i.e., ind,(a™') = co.
Moreover, ind;(a™') = —ind;(a).

Proof. Assume !

is finite. Then it follows from Equation (5) and Proposition 1.1 that
ind(a) +ind;(a™') = ind)(a * a=t) = indj(eg) = 0
and
indy(a) + ind,(a™') = ind,a * a=' = ind,(ey) = 0.
In particular, ind;(a™') = —ind,(a) and
indy(a) + ind;(a™') = ind,(a) + ind,(a™t).

The last equality yields 0 < ind,(a) — ind;(a) = ind,(a™) —ind;(a=t). This implies that
ind,(a™') < ind;(a™'), which is a contradiction. |

We would like to end this section with the following problem which was given to us
by Professor Hsiao-Chun Wu of the Louisiana State University Electrical Engineering
Department, in a slightly different form (using the ||-||, norm instead of the ||-||, norm).

10



Problem 1.14. Let L € N and m{’ be the set of finite sequences a with
0 =ind(a) < ind,(a) = L < co.

Also, let n € N and M > 0 be a large constant. Find a € m{ such that
> lait| = M3
i=0 ntl

i.e., find a € m{ such that “the mass” of ™! is concentrated in the first n coordinates.
First of all, if a is a finite sequence then we have seen in the examples above that ¢! is
of infinite length and that, in general, a™! is not summable (see Example 1.11). In fact,
it is not clear with the tools at hand if such a sequence exists at all, but the problem will

be revisited later in Chapter 2 using the Z-transform as the major computational tool.

1.2 Shift Invariant Operators

In Section 1.1 the convolution product appeared naturally in probability theory for
probability distributions of sums of independent random variables. Another application in
which the convolution product appears naturally is in signal processing (filter design). Let
a € m be a finite sequence representing a time signal; i.e., —oo < ind;(a) < ind,(a) < oo,
and let

mo = {a € m : afinite}.

In designing a signal processor (filter) F' : my — m, it is desirable to obtain lin-
earity (the principle of superposition) and shift-invariance. Shift-invariance is a de-
sirable property since it should not matter if one first processes the time signal a =
(...,0,0,aky, Qkos1, Akgr2, - - -) and then shifts the output by n time units, or if one first
shifts the signal a by n time units and then processes the signal

(' .. 707 07 Ako+ny Akog+n+1y Ako+n+2; - - )

We will see in this section that a linear map F' : mg — m is shift invariant if and
only if there exists b € m such that F'(a) = b a for all a € my.

Theorem 1.15 (Shift Operators). Define T, : m — m by Tiy(a) := ex x a. Then T} is
linear and

Ti(a) = (an—k)nen: (11)

i.e., Ty represents a right shift by k positions. In particular, e, = e¥ for all k € Z, where

ex =(...,0,0,1,0,0,...).
T
k-th position

Proof. Ty is linear since

11



Tk(/\la + )\Qb) = €L * ()\1& + /\Qb) = )\1(6k * CL) + )\Q(ek * b) = AlTk(a) + )\QTk(b)
for all a,b € m with A\, Ay € C. Moreover,

Ti(a) =ep*a=( ) exa;)nen = (An—k)nen
i+j=n
since eg, = 0 if i # k and e, = 1. In particular Ti(a) = e; * a is the right shift
operator. Since e is the sequence e; shifted k& — 1 positions to the right, it follows that

e =TF e = el xe =eb. [

An immediate application of the fact that the unit-sequences e;, are given by the k-th
powers of e; is the following extension of the well known algebraic version of geometric
series to the convolution field m.

Proposition 1.16 (Geometric Series). Let I :=eq and e := e;.

(a) Leta€m. Then . a"=I1+a+a*...+a"= I —a"")({[I —a)'.

=0
(b) Y €' = I+ete*+... = epter+eat...:=(...,0,0,1,1,1,1,1,...) = (I—e)" L.
i=0
(c) Fora € m of the forma = (...,0,0,0,a,a* a a*, ...) where a # 0 € C,

1
k-th position
then a™' = (...,0,0,0,%,-1,0,0,0,...).
T
—k-th position

Proof. (a) Clearly, (I —a)(I+a+a*+...+a") =1—a""'. Since m is a field we obtain
that

I+a+ad*+...4+a"=(I—a"N(I—a).

(b) To show that > €' = (I—e)™!, consider the sequence a = I—e=(...,0,0,1,—1,0,0,...).

1=0
"
0-th position
1
For this sequence and from Equation (10), ay' =1, a;'= - as a;" =1,
i=1
1 2 1 1 > 1 1 £ 1
ay- ==Y a3 a; =1, a3 = - asa; =1, a; =—) asa;,; =1, and so
=1 i=1 i=1

on.

Therefore, a™* = (...,0,0,1,1,1,1,1,...) and :&= = (I —e)™*
T
0-th position
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=(...,0,0,1,1,1,1,1,...) = e
=0

)
0-th position
i -1 _ 1 _ 1
(c) From Equation (10), a_, = =5
1 | < 1 1 1 1-21
=1
1 1 2 1 1 1 1 1/~31 =
- = - == - - — =1(g 2 _
Ao = 5 D Ak—i130_j ;= 7 (k20" +appa”y ) = < (@5 +a?(=1)) =0,
=1
3
1 _ -1 -1 -1 -1 -1 —1 \ _ —1/~41 , =3
O i3 = 7 D Oh-i4a0 gy 1 = 7 (4307, Tak4207 T ap107 o) = Z(a 5 +a’(—1)+
i=1
0) = 0, and in general, for m > 3, ajwm = %(dm“é +a™(—=1)+0) = 0. [ ]

Corollary 1.17. Each shift operator, Ty, : m — m, Ty(a) := ey, * a, is one-to-one and
onto. Its inverse is given by T .
Proof. By definition and from Theorem 1.15, T}, is onto as

Ty T 1(a) =Ti(e_pxa) =epx (e_pxa) = (ex xe_g) xa = ey * a = a.

By a similar argument, we then have T_;Ti(a) = a, and thus, T} is one-to-one. [ |

The following remark is useful when computing the inverse of some sequence
a=(...,0,0,ag, ags1, agyo,...) € M,

where k = ind;(a). For computational purposes it is often convenient to shift the sequence
a by —k units such that the shifted sequence @ :=e_j, * a = (a;4%)jez =

(. ey 0, 0, Ak, k11, Ak12, - - )
T

0-th position

has lower index equal to zero. Clearly, since a~! = a™! * e;, we get that

at=epxal. (12)

As mentioned in the introduction to this section, shift invariance is important to
applications in signal processing [8], where we can consider a digital signal as a finite
sequence that is indexed by units of time. The value of each term in the sequence thus
represents some characteristic of the signal. Before continuing on, we give a more precise
definition of shift-invariance in terms of the shift operators T}, discussed in Theorem 1.15.
An operator F': m — m is said to be shift-invariant if for all a € m,

F(Ty(a)) = Ti(F(a)). (13)

13



Clearly, if F': m — m is shift-invariant, then so is the restriction Fy := F|,,, : mg — m
of F to my := {a € m: a finite}. Before characterizing shift-invariant linear operators
Fy - mg — m, we have to collect some properties of linear operators.

Write a € mg as the finite sum Y a,e, = > a,e", where e := ¢!, the operator Fj is

n
completely determined by the action of Fiy on the sequences e,, = € (where e := e;) since
Fo(a) = Fo(d ane™) = > a,Fy(e,). That is, if Fy : mg — m is given, then we know the
sequences Fy(e,) = y™* = (y})rez € m. Conversely, the action of F' on the sequences e,
(i.e., Fo(e,) = y™ € m), then we know the action of F on all a € my by linearity since

F(a) = F(Zk: ager) = Zk:akF(ek) = Zk: apyy = Zn:an Zk:y,:}ek = zk:(zn: anyy)ex.

Theorem 1.18. Let Fyy : mg — m be linear. The following are equivalent:
i. There ezists b € m such that Fy(a) = a b for all a € my.
ii. Fy s shift invariant.
Proof. Assume that (i) holds; i.e., Fy(a) = a* b for all a € mg. Then
TiFo(a) = ex * (a*xb) = (ep xa) x b= Fy(Tx(a)).

Conversely, assume that (ii) holds; i.e., Fy is shift invariant. Define b := 3° := Fy(eg) and
y" = Fo(e,) € m. Since F is shift invariant and e, = €™ (where e = €;), it follows that

y" = Fo(e") = Fo(Th(eo)) = Tu(Foleo)) = en * y' = e, *b.

[e.e]
Therefore, since > aye, is finite (a € my!),
n=—oo

Fo(a) = Fo(O anen) = D> a,T(en) = ay" =Y anlen xb) = (O] anen) xb=axb.
|

Thus, the effect of any linear, shift-invariant operator on an arbitrary finite input
sequence is obtained by convolving the input sequence with the response b := T'(¢eg) of
the operator to the unit sequence eg.

14



2 THE CLASSICAL Z-TRANSFORM

2.1 Power Series

In this section we will recall some of the basic properties of power series > ax2* and
k=0
prove the following fundamental properties (see also [1], [2], [7], and [9]).

Theorem 2.1. Let L := klim /| ak)-

(a) If L =0, then Y apz* converges absolutely for all z.
k=0

(b) If L = oo, then Y arz"® converges only for z = 0.
k=0

(¢) If 0 < L < oo, then R := 1 is the radius of convergence of Y axz". That is,
k=0
arz® converges absolutely for |z| < R and diverges for |z| > R. In particular,

k=0
00

a2’ exists for some z # 0 if and only if L < oo.
k=0

(d) If f(z) = > apz® converges absolutely for |z| < R, then . kapz*"! converges
k=0 =1

absolutely for |z| < R, f is differentiable, and f'(2) = Y kapz"! for all |2| < R.
k=1

Proof. (a) If klim V/|ax| = 0, then klim V/|ag||z| = 0 for all z € C. Thus, for any z there
is some N such that {/|ax||z| < 3 for all kK > N. Therefore, |ay2"| < 5 for all k > N. By

o0
the comparison test for positive sequences, Y a2* converges absolutely for all z € C.
k=0

(b) If L = oo, then for any z # 0, |ag|* > i| for infinitely many values of k. Therefore,

|z

|a*2*| > 1 for infinitely many k. Thus, the terms of the series do not approach 0, and the

series diverges for any z # 0. The fact that Y az"* converges always for z = 0 is trivial.
k=0

(c) Let R := 1, where 0 < L < oo. First assume that |z| < R. Then there exists

0 <4 < 4 such that |2| = R(1 - 26) = (1 — 20). Then lim lag|*|z| = (1 —26), and

therefore |ax|t < 1 — 4 for all sufficiently large k. Then |ay| < (1 —8)* for all large

enough k. By the comparison test we obtain that > ap2* is absolutely convergent. If
k=0

|z| > R = +, then klim |ag|*|z| = L|z| > 1. Thus, |azz¥| > 1 for infinitely many values of

1
R

k. This shows that > a2"* diverges.
k=0
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(d) First assume that R = oo. Then f(2) = > axz* converges for all 2z and
k=0

f(Z + h = Z ak ‘Tt h Z k:akzk_l + Z Clkbk (14)
k=0 k=2

k=0

where

k k
b= EE et 2SS (Bt hen < () S (B[ = [hf (2] + 1)° for [B] < 1
n=2 n=0

Therefore, for |h| < 1, we have the estimate

|f(2+h})L—f(Z) _ kz_okakzkiw < |hl ;;0 lag|(|z| + 1)F < Alh]| for some A < oo,

since > |ag|w® converges for all 2+ 1 =w > 0. Thus, if h — 0, then f/(2) = > kayz**
k=0 k=0

Now assume that 0 < R < co. For |z| < R choose ¢ > 0 so that |z| = R—24. Let |h| < §.
Then |z4+h| < |z|+ |h| < R—20+ 6 = R—§ < R and, as in the previous case, Equation

(14) holds with
k
k
bn _ hn—l k—n. 15
> (5 (15)
If z =0 and b, = h*~! the proof follows. Otherwise, an estimate for b, can be found by

noting that
(k)zk(k—l)...(k—n+1)<k2( kQ)fornZZ (16)

n n! - n —

Therefore, for z # 0,

k
k2|h n— —(n— k2|h ; i
bx] < & "2(52)|h| Pl < S () bl
]:

= E0I(J2] + |n))* <

||l21| (R . 5)k.
and

e Zkakz \S'TZ_D *lag| (R — 0)* < Aln,

since z # 0 is fixed and Z k*|ax|2* also converges for |2| < R. Again, letting h — 0,
k=0

gives that f'(2) = Y kapz*L. |
k=0
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x
It is obvious that convergent power series > ayz* with coefficients a = (ag)rez € m

k=—o00
o0
form a vector space over C; in particular, if . S agz® converges for |z| < R, = Lia (where
=—00
k —_—
a € mand L, hm V/|ak|) and z bz converges for |z| < Ry = i L (where b € m and

k=—o00

hm </|bk]), then (ar, + bg)z" converges for all |z] € C with |z| < min (R,, Rp).

k*—oo

This implies that the radius of convergence R, of > (ax + by)z" satisfies

k=—00
Ra+b Z min (Ra, Rb) (17)
Moreover, define ¢ := a * b and let |z| < min (R,, R). Then Y. azz" exists since
k=—00
N n
DD anibillz" < Z Zlan sllbe])]2]" < ZlanHZl Zlb [121") (18)
n=0 k=0 n=0 k=0
Thus,
Ra*b Z min (Ra, Rb) (19)

The immediate consequence of Equations (17) and (19) is the fact that
m = {aEm : La:klim AL <oo}

is closed under addition and convolution in the field (m,+,*); i.e., (m,+,*) is a com-
mutative ring with multiplicative identity I := ey. To show that (1m,+,*) is, in fact, a
subfield of (m,+, *), requires more effort. The Z-transform, introduced in the following
section, will allow us to substantiate this claim.

We need the following result from complex analysis. Let D be an open set in C.
Recall that a function f : D — C is analytic if, for all z € D,

lim fz+h)—f(2)
h—0 h

exists. The following is one of the main results of complex analysis (for a proof, see [9]).
We denote by U(0) a disk in the complex plane centered at the origin with radius € > 0.

Theorem 2.2. Let f: U (0) — C. The following are equivalent

i. fis analytic.

ii. There exists by, € C such that f(z) = >_ bpz® for all z € U.(0).
k=0

Moreover, if (ii) holds, then f is infinitely often differentiable on U.(0) and by = f(kk)!(o).
[
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2.2 The Z-Transform

To define the Z-transform, we first introduce some preliminary definitions. We denote
by U*(0) the punctured disk U.(0)\ {0} and we define

k=—o0

M = {f . there exists a € m such that f(2) = > ap2* forall z € U}}a(())},

The next Proposition shows that M is the collection of complex-valued functions which
are analytic on some punctured disk U*(0) and have, at the origin, a pole of finite order.

Proposition 2.3. f € M if and only if there exists k € Z such that the function g(z) ==
2% f(2) satisfies

(A) there exists b € m such that g(z) = >_ byz" for all z € Ug,(0), and
k=0

(B) g(0) = bo # 0.
Proof. By definition, f € M if and only if there exists a € 1 such that
f(2) = ar2® + a1 2"+ a2 4+ = 2Rg(2),

where g(z) = (ar + app12' + ax22* +...) and g(0) = a; # 0. [

Example 2.4. (a) The function f : z — sin 1 is not in M. This follows from the fact
that, for any k € Z, g(z) := 27" f(z) = 2 Fsin 1 is either undefined at z = 0 (for k > 0),
or g(0) =0 (for k£ < 0).

(b) The function f : z — %e” is in M since g(z) := 22f(z) = e* is analytic for all z € C
and g(0) =1 #0.

[
Theorem 2.5. (M, +,-) is a field.
Proof. The only non-trivial facts to be proven are
(a) that g1, g, € M if fy, fo € M, and
(b) $ € Mif fe M.

We show (a) first. Let f1(z) = 27 % g,(2) and fo(2) = 27" ga(2), where g;(2), go(2) satisfy
the properties (A) and (B) from Proposition 2.3. Then (f;- f2)(2) = z~F1+k2) g, (2)gy(2) =
z=ktk2) g2 where

019 = 0(:)al) = (55 UA(5- ) = 5 <2 BB = 5 ot
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Since ¢ = b' x b> € m and g(0) = co = bjb2 # 0 it follows that fi, fo € M.

To prove (b), let f(z) = z¥g(z), where g has the properties (A) and (B) from Proposition
2.3. Then ﬁ = 27*n(z), where h(z) = ﬁ. Since g(z) is analytic on U.(0) for some
e > 0, and since g(0) # 0, it follows that there exists 0 < €; < e such that g(z) # 0 for

all z € U, (0). Thus, h is analytic on U, (0) and h(0) # 0. Since >_ by2"* exists for some

k=0
z # 0, it follows from Theorem 2.1 that klim /|bk| < 05 ie., b€ m. [ |
Definition 2.6. The Z-transform, Z : i — M, is defined as
Z(a) == f, where f(2):= Y. apz".
k=—oc0
[
Note that > agz" exists for all z € Ug, (0), where R, 7o and L, = hm Vag| < oo.

k=—00

Theorem 2.7. (1, +, %) is a field and the Z-transform, Z : i — M, is a field isomor-
phism.

Proof. 1t is easy to see that Z : m — M is linear. Moreover, if a,b € 1 and ¢ := axb, then

it follows from Equation (18) that Y ¢,z converges absolutely for |z| < min (R,, Rp) (in
k=0

fact, S° (Y |an_i||br])|2|* converges). Moreover, |(> apz®)(>" br2®) — > cp2®|
n=0 k=0 k=0 = k=0

= [(ap + a1z + ... +apz®)(bo + b1z + ...+ bp2¥) — ((aoho) + (arby + agby)z .. .)]

== |a0b0 + (a1b0 + aobl)Z + ...+ (aobn + albn_l +...+ anbo)z” + (albk +...+ anbl)z"“ +
(a few terms only)z""2 — [(aghy) + (a1bo + agb1)z + .. ]|

2n 00 2n 00
—1 Y @t Y at< X Jallf Y Jadlf < Y (Z |aw—j1[b;1) 12,
k=n+1 k=2n+1 k=n+1 k=2n+1 k=n+1 j=
where ¢ = Y a;bs for j or s >n+1 and j+ s = k. Thus, if a,b € m, then c:=axbem
and

Z(a)- Z(b) = Z(c) = Z(axDb).

This shows that Z : m — M is linear and multiplicative. Obviously, if Z (a) = f =0,
then f(z) = axz” + ap12F 4+ ... = 0 for all z € Uj; (0). But then g(z) := 27" f(z) =
ap + Q12 + app02? + ... is identical to zero for all z € U, (0) and thus for all z € Ug,(0)
(since ¢ is continuous on z € Ug,(0)). But then g(0) = ax = 0, which implies that
a = 0. Thus, z is one-to-one. By definition, Z is onto. It follows that Z is a linear and
multiplicative bijection from m into M. Since M is a field, m is a field and the proof is
complete. [ |
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2.3 Inverses of Finite Sequences
Professor Hsiao-Chun Wu’s problem involving finite sequences a with
0 =ind(a) < ind,(a) = L < oo,

(see Problem 1.14) can be restated the problem in a slightly different fashion. Recall that

oo
lla="1ly ::g_joja,;l\

N
and define ||a_1||17N := Y |a;'|- Then, given L, N € N, and M >> 0, the problem is to
k=0

finda € mf :={aem 0= ind;(a) < ind,(a) = L} such that the mass of a! is located
within the first N coordinates; i.e.,

la™ i n = M([la™{, = lla™ 1 )
Since the lower index of a is equal to 0, then we can write
a = (...,O,O,ao,al,aQ,...,aL,O,O,...),

where n € N and ag # 0. Without loss of generality, we may assume that ay = 1. The
Z-transform of a is then

Z(a) =ap+ a1z + a2z2 + ...+ CLL,lzL_l + ZL,
which, by the Fundamental Theorem of Algebra, can be written in the form
Z(a) = (z—b1)™(z = by)" ... (2 — bj)™

for some 1 < j < n and some distinct complex numbers b, # 0 for 1 < k£ < j, and n; +
na+...+n; = L. Computing Z~*(a) = Z(a™') and using partial fraction decomposition,
we have

_ _ 1 Al Al Al
Z(CL 1) = Z 1(&) - (z—b1)"1(Z—bQ)"Q...(z—bj)nj — ((Z—%?l) + (2_1721)2 e + m) + e

A A} A%j
Ty tee e

From this expansion, we see that it is useful to have a closer look at the inverses of
a=(...,0,0,—b,1,0,0,...) and its powers (see Lemmas 2.9 and 2.10 below). As a result,
we obtain the following regarding the “size” of the inverses of finite sequences.

Theorem 2.8. Let a € mg for some L > 1 such that ar, =1 and
Z(a)=ag+arz+ ... +ap_12Ft+ 2L
Then |la™ ||, < oo if all roots of Z(a) have absolute value larger than 1.

For the proof of this theorem we need the following two lemmas.
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Lemma 2.9. Let0£be C and a:=(...,0,0,—b,1,0,0,...). Then
a'=(...,0,0,21, 21 =1 ),

»h ) B2 p3
T

0-th position

If 0 < |b| <1, then ||a™ ||, = co. If |b| > 1, then ||a™ ||, = |_ and
S -1 N+1 1
la = > o' = Q= gV a7,
k=0
a*l
Moreover bl o]V — 1.

7 lla=t =lle

Proof. If a:=(...,0,0,—b,1,0,0,...), then Z(a) = z — b and

oo
Z7H) = 25 = g = & e for 2] < .
Thus a™! = (...,0,0, 5%, %, 3¢, - - -). It is clear that ||a™|| = 00 if 0 < [b] < 1. If b > 1,
then
a7l = i X = iy = o
LT g BT Bl T BT
N
Now let [a™!|l, y := > |a; !|. Then, setting 2 := L
k=0
o 1 1—pN+1
Ylatl=ac+a>+. .+ =z(l4+a+... +a2V) =a—
k=0
(AN (i
- ﬁ 1I—|ﬁ = \Il;b\l—l =(1- (ﬁ)NH ||ab 1H1
With this result, we have
. . I(EVH (g
la= I, = lla 1”1,1\/: |b|1—1 - |1‘)l|)‘71 - “\)I‘)\fl )
and
oMy e BN — 1
la= Ml =lla= My v |%| N ’

Lemma 2.10. Let a, := (...,0,0,—b,1,0,0,...) for some 0 # b € C with |b|] > 1 and
a:=ay =ap*ap*...*a, for somen € N. Then

||a H1 = HablHl = (|b|i1)n'
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Proof. Since Z(a) = (Z — b)", then it follows that

_1)yn—1 m— n 1 mn—
Z((I_l):Z_l(a): 1 :( D d IL (1 ! Zbk‘HZ

(z—b)™ (n—=1)! dz"=1z2—b ~ (n 1! dzn—T

—1)" > n— n i k —(n—
- ((nfi)! > gm (k—(:i' 1))vz(k ) = (=) 3 g (,n,) 2
k=n—1 k=n—1
=D e =S s
7=0 7=0
and
al=q,' =(...,0,0, G Gl CEnsl gt L),

where (—1)111)” is in the 0 position and a;' = (b_,i): (71 for j > 0. Since [b] > 1, we use

T = “17' to obtain

o0 o0
ol = e 2 Y =t o O1) = e
: J:

Letting k = j +n — 1, or equivalently j = k — (n — 1), then

n n—1
Zxﬂ];lj)': kglx nl))
(n—ll)! L 1<k)<k’ —1)...(k—(n—2))a*!

= ok (k) (k= 1) (k — (n — 2))at*!

= ok S (R)(k— 1) (k — (n — 2))a*~ Y

— 1 _ndt i k_— __1 _.n ar~t 1 1 " (n—1)!
T (n=1)!" dzn-l T (n=1)!Y dznl1l-x T (n—D)!" (1-z)"
— _az" _ (L)” 1 — 1

(1—z)" bl (=g (Jo]—1)"

This shows that, in particular Hab_”H Now consider

_ 1
L (lbl=nm-
-1 __ 1 1 1
Gb = (""0’07_Z>_b_2>_b_3"")'

where ind;(a, ') = 0. Then
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H y lHl - i(%) ) (ﬁ §(|_117|)])n = (ﬁ(lji))n = (|b|i1)n

j=1 j=0 1ol
[ |
Proof. Now for the proof of the Theorem 2.8. Let a € mg for some L > 1 such that
Z(a) =ag+aiz + ... +ar_12F71 + 25 with ag # 0.
Then there exists j distinct complex numbers b; # 0, with 1 < j < n such that
Z(a) = (z—=b1)" (2 —bg)"™ ... (2 — bj)™,
where ny +ng + ... +n; = L. Therefore, if a;, :== (...,0,0,b,—1,0,0,...), then
Z(a) = Z(ap, )" Z(ap,)"™ ... Z(ay,)™ = Z(ay! * a,? * ... % agj),
or a = ay! *ay? x. aZ”J_". In particular, if |b,] > 1 for all 1 <k < j, then
a”t=a," xa,"? x .k ab_jnj and by Lemma 2.10,
la™t|, = Hab’lnl £, kLK ab_jn] < Ha,;" H Hcf”QHl S Hab_jn” X
. 1| —1||n2 || 1 1 1
- Habl ||1 'Habz ”1 e Hab 1 = oi—0™ C (bel—D)2 Tt (-1 u

Corollary 2.11. Leta € mg such that all the roots of Z(a) = ag+a1z+.. Aap_ 24+
arz" have absolute value greater than some q¢ > 1. Then

la™ll < Grrg=nr
Proof. Let a := %a. Then a™! = idil. By Theorem 2.8, then

~—1 1 . 1 . . 1 1,1 . L1
Ha H1 < (Jba]-D)m™  (Jb2]-D)2 " (Jb;|-1)™ S (=™ (¢g=Dm2 """ (¢—1)"

= -pr- (since ny +np +... +n; = L) |

Next we characterize those infinite sequences a which have a finite inverse a™!; i.e.,

ind,(a) = oo and ind,(a™t) < co.

Proposition 2.12. Let a € m with ind, ( ) < 0o. Then ind,(a™') < oo if and only if
Z(a) is a rational function of the farm for some k € 7.

Proof. Let ind,(a™") < co. Then

Z(a™) = a;28 +aj1 27 4+ o+ @ITFITR = 2 (ap a2+ .+ ajzt) = 20p(2)
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for some j € N. So we have Z(a) = Z(a )™ = ﬁ(z) = ;(—; with k = —j. If Z(a) = pi)v
then

Za)y=Z(a) = P& — pozk 4 b2 4 bR

z

L is finite. [ |

and thus a~

We end this section with an alternative way to approach the question put forward by
Professor Wu (see Problem 1.14). Let s be an unknown signal given as a sequence r = hx*s
in a finite filter h = (hg, hq, ha,...,hr,0,0,...). To reconstruct the original sequence s
from the received signal r we have to compute s = h~! x r. Since h~! is infinite, “cut”
the sequence h after N terms in order to be able to implement it. That is, look for
sy = hy' =7, where hy' = (hg', hi', hyt, ... hiy',0,0,...). Now the question becomes
how the cut-off affects the distance between the true signal s and the reconstructed signal
sy; that is, we are interested in finding

s = sall = [l Bt = s Bt < il I3 = Bl < Dsl el [ = Bt

For example, taking the one norm, ||-||;, the main question becomes estimating

=i, = X IheY

k=N-+1
If we take h = a, = (...,0,0,—b,1,0,0,...) for [b] > 1 (see Lemma 2.9), then
ht=(...,0,0,3, %, %) --.)

and therefore,

[ee] oo
-1 -1 _ 1 1 1 1 1
Hh —hy H1 = 2 [o]F+T T Jp[NF2 > Bl — IVt 1-L
E=N+1 k=0 o]

11 1 -
= BN -1 [N FT Hh 1”1'
This implies that

_ b
s — slly < sl Il e 1= = sy EEd oot

Thus, if one has an initial rough estimate of the size ||s||, of the true signal s, then one
can choose either b large and N small or |b| close to 1 and N large to reconstruct s to a
given degree of precision.
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2.4 Fibonacci Sequences

Sequences labelled as Fibonacci were studied in 1202 by Leonardo Pisano (nicknamed
Fibonacci). Fibonacci wrote a number of texts which played an important role in reviving
ancient mathematical skills and he made significant contributions of his own. Fibonacci
lived in the days before printing, so his books were hand written and the only way to
have a copy of one of his books was to have another hand-written copy made. Of his
books we still have copies of Liber abaci (1202), which is based on the arithmetic and
algebra that Fibonacci had accumulated during his travels. Liber abaci, which went on to
be widely copied and imitated, introduced the Hindu-Arabic place-valued decimal system
and the use of Arabic numerals into Europe. Although mainly a book about the use of
Arab numerals, simultaneous linear equations are also studied in this work. A problem
in the third section of Liber abaci led to the introduction of the Fibonacci numbers and
the Fibonacci sequence for which Fibonacci is best remembered today (see Figure 1):

A certain man put a pair of rabbits in a place surrounded on all sides by a wall.
How many pairs of rabbits can be produced from that pair in a year if it is supposed
that every month each pair begets a new pair which from the second month on
becomes productive?

Nurber

v%
"y 1
8Wa 2

Wie s .

Sy e n g

Figure 1: Rabbit Problem

The resulting sequence is a = (...,0,0,1,1,2,3,5,8,13,21,34,55,...), which has
ind;(a) = 1. The sequence a is such that each number is the sum of the two preced-
ing numbers. The computation of the first few terms in the sequence is straightforward,
but the direct computation of the number of rabbits for month £k, where k is large, is
cumbersome, if not impossible. The Z-transform can be used to find the number in the
sequence for any month k (see also [13] and [11]).
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Theorem 2.13 (Generalized Fibonnacci Sequence). Let a = (...,0,0,a9,a1,as,...),
ind;(a) = 0 where ag and ay are given and

1o = Aak+1 + BCLk (20)

with A, B € C and k > 0. Then the closed form for ay is given by

—c d
ap — — 0 (21)
Tk+1 k+1
20 21
— —A+VA24B — —A-VA2HB ., _ z0(Aao—ai)—ag z1(Aag—a1)—ag
where 20 = 2B y 21 = 2B y €= B(z0—21) and d = B(z1—20) ’

Proof. 1f there exists a € m that solves Equation (20), then the Z-transform of a is given

by Z(a) = f(z) = ap + a1z + ax2> + ... = Y apz®. Then, with the recurrence relation
k=0
apy2 = Aay + Bag_1,

[o¢] o0 o0
f(z) =ao+arz+ > (Aap_1 + Bap_o)2* = ag+ a1z + > Aap_12*+ > Bay_»2*
k=2 =2 =2

o0 [e.9]
=ag+az+2zY, AapzF + 22> Bag”
k=1 k=0

and

fezag—az) ékzlakzk + B apt = é(z apz® —ap) + Bf(z) =

22
k=0 k=0

= 2(f(2) — ao) + Bf(2).

Solving for f(z) and using partial fractions, then
e

) _ z2(Aap—ai)—ao0 __ ¢ d
T Bz24Az-1 T z—z z—2z1"
A4 AZ CA_JAZ . Aao—ar)—
where z = M and 2, = %. Solving for ¢ and d, then ¢ = —zO(B‘Zgo_“;l)) 40
1(Aap—a1)—ap
and d = —B(zl oy

o0
Now use the Geometric Series ) z¥ = -1 to write f(z) in summation form; i.e.,
k=0

IS}
H?&"?&"

_ _c d —c —c S 2k d 5
f(Z) T oz—20 + z2—z1 zo(l—%) (l—i) = Z ; _g T a ;

Since Z is one-to-one, we get that a; = Z,j—fl k+1 It is easy to see that a = (ag)r>0 € M.
0
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From Theorem 2.13 we see that the problem of finding the sequence value at n is made
easier by transformation of the sequence into a power series where we can use standard
techniques. The multiplying rabbit scenario can be solved by the following corollary.

Corollary 2.14. Let a = (...,0,0,a9,a1,a9,...), where ag = a; = 1 are given and
Qpro = Qg1+ a for k> 0. Then

ar = F(5E) - (58]

Proof. From Theorem 2.13, we have A = B = ay = a; = 1 and we can compute that

e Ve 1 DS R/ S SR VA i s 00 NS PR/
20 = 201) =732 A= 2(1) =72 >

_ 20(Aap—ai)—ap _ -1 _ -1 _ z1(Aeg—a)—ap _ -1 _ -1
€= 20—21 20—z V5 and d = 21—20 T zi—z0 0 V5

From Equation (21), then

o *(:/7%) *(%) 1 2ok+1 1 2k+1
U= Fbpn (e VB (VBT VB (L1 vE)RT
_ 1 2 Vk+1 _ 2 \k+1
= #l(=5) (=)l
: 2 _ 1+V5 2 _ 15
Using the fact that s T 2 and mrpioy Al aat then
A = \/Lg[( 1+2\/5)k+1 - (1—2\/5)k+1)]‘

In Corollary 2.14, the second term in the expression for a; is negligible, as k grows
large, therefore a; can be approximated by a, where

. 1
ar = —
k N
Corollary 2.14 also reveals the necessity of death in the bunny scenario, as the amount of
time it takes to fill the universe with bunnies is less that the average life span of a human
being. The current estimate for the size of the universe is 1.9 x 10®* cubic light years,
where each cubic light year is 4.05 x 10'°7 cubic meters. Thus, the size of the universe is
7.695 x 1039 cubic meters. Assuming that each pair of bunnies requires one cubic meter
of space, then one could fit 1.539 x 10! bunnies in the universe. From Equation (22),
the value of k for which @, equals 1.539 x 103! is found by solving the following equation,

1 + \/g)k—kl‘

(3

(22)

1+\/3)k+1

1.539 x 10! = 2 (+5

Using logarithms, then



In (1.539 x 10"¥) =1In (%) 4+ (k+ 1) In Y5 and

1
75) 2

In (1.539 X 10131)—111(%)

k= In(1£Y5)

— 1 = 628.4 months.

Therefore, if the bunny life-span is more than 53 years, it would take approximately 52.3
years to fill the universe with bunnies!

Corollary 2.15. Let a be the sequence a = (...,0,0,ag, a1, as,...) where ag =0, a; = 1,
and agyo = agy1 — ag for k > 0. Then

a = 1[(3 4+ iv/3) (LB 1 (=3 4 i4/3)(1=0B )k,

Proof. From Theorem 2.13, we have A =1, B = —1 and we can compute that

L —1+4/12-4(1) 1,3 L= —1-/12-4() 1443
0= 2(—1) - T2 1= 2(—1) - T2
c = zo(Aap—a1)—ag _ 17;7.\/5(71) — i\/g—l — —3—i\/§ and
Z0—71 20—21 2(—iv/3) 6
d = z1(Aap—a1)—ag _ 1%\@(71) _ =1 Z\[ —3+iv3
21—20 21—20 2iv/3 6 :
From Equation (21), then
3+i./3 —3+i./3
e 4 @\/ N iy :2( 3+iv3 + —3+iV/3 )
e R T (=31 T (Bt e

= HB+iV3)(725) " + (=3 +V3) (125) ]

= 13+ iV/3) (HRE)H 4 (=3 4 iv/B)(IpE)kH),
[ |
From the recurrence relation, we compute the sequence a in Corollary 2.15 as
a=(..,0,01,1,0,0—1-1,00,1,1,0,0,—1,-1,0,...), (23)
T
0-th position

and note that the closed form of a; contains complex numbers and irrational numbers
whereas the sequence in Equation (23) does not. Corollaries 2.14 and 2.15 illustrate
a suprising and powerful relationship between the integers and the irrational/complex
numbers.

28



3 THE ASYMPTOTIC Z-TRANSFORM

In this chapter we discuss an extension of the Z-transform from the field (m, +, %) to
the field (m, +,-). Since Z : i — M is an isometric isomorphism, one can expect that the
extension Z,s maps m into a larger space M,s. To define M,, we start with the following
definition.

Definition 3.1. Consider a complex valued function f defined on a sectorial region
S={z:0<|z| <R, |argz| <0}

where @ > 0 and R > 0. Then a € m is said to represent f(z) asymptotically as z — 0 if

for all k > ind;(a),

k .
f2)= 3wz

i=—00

The notation f =~ a is typically used to denote this asymptotic representation. Note that
f~0(0em)at0(0eC)if for z € S,

lim £& = 0 for all k € Z.

z—0 *

A typical example of a function that is asymptotically equal to zero (at 0 € C) is
given by
-1

fz)=e?

on S ={z+#0, |argz| <0}, for < Z. Indeed, if z € S, then z = |z|e"* for some |a| < 6.
—1
|

-1 _—ia =1 =1 . .
Thus |f(2)] = [e™© 7| = e < e % Since cosf > 0 it follows that for z € S,

limL,f):0

z—0 *

for all £k > 0, and thus for all k¥ € Z (it is obvious that the statement holds for k£ < 0).
We define

0] :={f : f=0}.

If fis a complex-valued function defined on some sectorial region S, then [f] := f + [0]
and

M,s :={[f], f = a on a sectorial region S for some a € m}.

Proposition 3.2. Let f be a complex valued function on some sectorial region S. The
following statements are equivalent

i. There exists a € m such that f =~ a.
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ii. There exists ko € Z such that

(a) forze S, lirr(l)M =a, # 0, and

P

- Y as
(b) lim ———>— = a;, for all k > k.

z—0

Proof. Suppose that statement (i) holds; that is,

k .
f@)- 3 ae

1=—00

zk — 0

k
as z — 0 for all k > indj(a) =: k. If k = ko, then > a;2" = a2 and therefore

1=—00

—>00r%—>ak07é0forz—>0. If £ > kg, then

f(z)—agyz*o

Zko
k ‘ k-1 ,
Soaizt = > a2t + agt
1=—00 1=—00
and therefore
k—1 ) k—1 )
f)— ¥ aiz—agz® f(z)— > ai2*
i=—00 i=—00
= —0 or ———— —

as z — 0. This shows that (i) implies (ii). If (ii) holds, then define

a=(...,0,0,ak,, Qrgr1, Ukgr2, - - -)-

Then, as above, one shows that

f(z)— .:27: a;zt

— 0

for all k > ko = ind;(a). Thus f =~ a; that is, (i) holds. [

Example 3.3. Let S := (0,00) and define f(z) = sin (%) for z > 0. Then f ¢ M,,.

Indeed, f (%) = 0 for all n € N and therefore it is impossible that there exists ky such
that Olim 1C) — g #0.

%
—ze§ #0

Proposition 3.4. (a) If [f1N]g] # 0, then [f] = [g].



Proof. (a) Let h € [f] N [g]. Then there exist o; € [0] such that h = f+o0; and h = g+ 0s.
But then 0 = f — g + 01 — 05 and thus g = f + 03, where 03 = 0; — 02 € [0]. But then

9l =g+0] = f+os+[0] = f+[0] = [f].
(b) Let fi € [f] where f ~ a and ¢g; € [g] where g = b. Then f; = f + o0, and fo = g+ 0s.
Thus, fi-fo=f-g+f-014+¢g- 03+ 010 Since f = a, we have that

%Hako # 0 for kg = ind;(a).

Thus

f(Z)'Zl(Z) — f(?) a1()

F = om0
as z — 0 for all £k € Z. This shows that f -0, € [0]. Similarly, g- o0, € [0] and oy - 05 € [0].
Thus, fi - fo = f-g+ 03 where 03 = f-014+¢g- 02+ 01 -0y € [0]. Therefore, f; - fo € [f - 4]
or [fllg] = [fg]- It h € [fg] then h = fg+ o for some o € 0. Thus h € [f][g] + [0] = [f]"[9]
or [fg] C [f]lg]. This shows that [fg] = [f][g]. The proof of statement (c) is straight

forward. ]

Proposition 3.5. Let a € m and f(2) := Y. a;z". Then f ~ a.

Proof. The statement follows from the fact that

k X 00 X
fz)= 32 aiz >0 aizt
1=—00 i=k

_igErl 2 3 _
= = = Q12 Tt Q22 Fap3z + o= 29(2) — 0

z

where g(2) = agy1 + arioz + apy32® + ... is analytic on Ug, (0). [

Lemma 3.6. Let a € m and j € Z. Then f ~ a if and only if 27 f(z) =~ e * a.
Proof. Since e; * a = (a;_;)iez, the statement follows from the fact that

. k ) k o k—j )
()= 2 a2t f(z)= X a2 f(2)= 3 it

i=—00 i=—00 i=—00

P - zk—J zk—J

The next theorem is known as Ritt’s Theorem and was first published in 1916
(see also [10] and [12]).

Theorem 3.7 (Ritt’s Theorem). Let a € m. Then there exists [ such that [ =~ a.

Proof. Let a € m with k, = indj(a). Then by Lemma 3.6, there exists f such that f ~ a
if and only if there exists f (where f(z) = z7% f(2)) such that f ~ a := e_;, * a. Thus,
we may assume without restriction of generality that

a=(...,0,0,a9,a,as,...).
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Now let a € m, a = (...,0,0,a0,a1,as,...), where a is not necessarily in m. We will
construct a function f(z) such that f ~ a. The idea is to replace the potentially divergent

series Y axz* by a convergent series of the form
k=0

() =3 apan(2)2, (24)

k=0

where the convergence factors ay(z) are chosen in such a way that the new series is
uniformly convergent but shares the asymptotic properties at 0 of the original. To do so,
the function aj(z) must be small for z # 0 (to ensure convergence) and it must rapidly
tend to one as z — 0 (to ensure that the behavior of f at 0 is determined solely by
the sequence a). One type of function which can be adapted so as to have the desired
properties is

—b
ap(z) =1 — e 3 with by, > 0. (25)
The exponent (3 is some number in the interval 0 < g < 1. With [ sufficiently small, we
can be sure that the exponent has negative real part in any given sector S of the plane
that does not contain (0, oo]. The following fact is needed for the proof:
1
11 —¢*| = ]z/etz dt] < |z| for Rz < 0. (26)
0

Equations (25) and (26) then |ayou(2)2%| < |ag||br]|2|*”. Define by = |ax|* for aj # 0
and b, = 0 for a, = 0, then the following inequality holds

f(z) = i apo(2)2F < i |z|F—8
k=1 k=1

which converges uniformly for |z| < zy < 1. Now we show that the function f satisfies
f =~ a. From Equations (24) and (25),

Mf(2) = X oart) = = Y awexp (FF)2 M+ 3 apan(z)2F
k=0 k=0 k=m+1
The first term on the right hand side tends to zero as z — 0, and for |z| < 2,

|2 ~#
1=|z]

e 00
| X apan(2) < [P <
k=m+1 k=m+1

The middle term approaches zero with z, and we have the desired result. [ |
The proof remains valid for 29 > 1 if b, = |azzf| L.

Proposition 3.8. If f ~a and g =~ b for some a,b € m, then f-g=~ axb.
Proof. Let k, = ind;(a) and ky = ind;(b). Then
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f(z)i=zFf(2)~ey, xa=(...,0,0, a0,0dy,as,...)=a, and
G(z) =z Mg(z) me_g, xb=(...,0,0,bp,b1,bs,...) = b.
where a; = ay,1; and BZ = by, +i. Define

] for- 3 as ~ i)~ 3 bt
fu(z) = —F—— and gp(2) = —F——

It follows from Lemma 3.6 that fr(z) — 0 and Gi(z) — 0 as z — 0. Moreover, since
a; = b; = 0 for i < 0, we have that

f(z) = i @2+ 2 fo(z) and §(z) = i bzt + 2* ().
i=0 =0

Thus,
. I S koo c
f(2)g(z) = <;) aizl)(;) biz') + (;) a;2") 2" gr(2) + (;) biz') 2" fi(2) + 2% fi(2) g (2)
k ‘ 2% } k ‘ k. _
=Y a4 Y G2+ (X air) 2R gn(z) + (00 0iz) 2R fr(z) + 2% fi(2) gk (2),
=0 i=k+1 1=0 i=0
where ¢; = > dji)j = (a * E)Z and ¢; = > djgs, for 0 < j<kand0<s <k. Thus,
jte=i jrs=i
fEae-Yer ok E o
=y, G (D002 f(2) + (D0 @iz')gr(2) + 27 fr(2)gr(2).
i=k+1 i=0 =0

It follows that if k > 0 = ind;(a * b), then

@3- 3 (@)

2k

— 0asz—0.
This shows that f§ ~ a* b or, equivalently, that z~(*at%) fg ~ €—(ka+ky) * @ * b. Then by
Lemma 3.6, fg =~ a *b. [ |

We are now in the position to define the asymptotic Z-transform Z,, : m — M, as

Zas(a) =a = [f],

where f ~ a. First note that Z,s is well defined. Indeed, by Theorem 3.7, there exists
f such that f ~ a. Moreover, if f{ = a and fy ~ a, then f; — fo = 0, and therefore

L1l = [f2)-
Theorem 3.9. (M, +,) is a field and Z,s : m — M, is a field isomorphism.
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Proof. It Z,s(a) = [f] and Z,4(b) = [g], then f =~ a and g =~ b. Thus, by Proposition
3.8, fg = axb. Therefore, Z,s(a)Z.s(b) = [fllg] = [fg] = Zas(a *b). This shows that
Zas : m — M, is multiplicative (clearly Z,; is also additive and linear). By the definition
of Mys, Z4s is onto. It remains to be shown that Z, is one-to-one. If Z,5(a) = [0], suppose

that a # 0. Then

O—‘ Xk: aizi
——%— —0forall k> indi(a).

Let ko = ind;(a). Then ag, # 0 and

) )
0— > a;z*
i=—00

k0 = ako - 07

which is a contradiction. This shows that Z,, is an isomorphism. Since m is a field, it
follows that M, is also a field. [ |

Example 3.10. A familiar example of an asymptotic series appears in the problem of
calculating the “exponential integral” [3],

xT

fe dt, for x < 0.

Successive integration by parts shows that

EBi(z)=e"i[1+ 2+ 3 + .+ 2+ R, ()],

x

where R, (z) = (m+ 1)z [ et_““’tm% dt. One more integration by parts yields

| R ()] = |(m + 1)lz{[e"™

tf—oo + f et x;ﬁig dt|

_(m+1)”m+1+(m+2'|x| f s db

Substituting z = _71 and defining

—1

f(z):= —e%%Ei(%) = —ez f '+ dt

for z > 0, we obtain that

LE Ot HEDRE) | | L Ry (2] < 20k + D)1f2] — 0

z

as z — 0. Thus, if a := (...,0,0,1,—1,2!, =31 ... (=1)™m!,...), then Z,(a) = [f].
Observe that, in this example, a ¢ M, so Z(a) is not well defined.
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Example 3.11. Consider the recurrence relation a,.; = Aa, + b,, (n > 0) with ay given

and b = (b,)nen € m given. Let
a = (ag,a,as,...), b = (b, by,b,...), and
¢ = (ay,az,as,...) =e_1*(a— apep).
We wish to find a such that ¢ = e_; % (a — apeg) = Aa + b. Then

e_1xa— Aa=ape_1 +b&s e_ja— Aa=ape_1 +b

-~

& 13(2) — Ad(z) = @ +1(2) & (L — A)a(z) = 9 4+ b(2)

o~

& a(z) = %5 + =510(2).

(o9}
Since %5 = Y apA’2" and €1(z) = z, we have
i=0

where d = (..., 0,0, a9, a0A, agA?,...). Thus a = d + ey * d *b.

Notice, that if b ¢ m, then the solution method requires the use of the asymptotic
version Z, of the classical Z-tranform. Without the use of Z,, (or an equivalent procedure
in the field (m, +, %) as illustrated in the next example), this problem could not have been

solved in a mathematically rigorous way.
Example 3.12. Consider the convolution equation
ng1 = Y dnia; + by = (d @)y + by,
i=0

where ag € C, b,d € m are given. Let

a = (ao,al,ag, .. .), b= (bg,bl,bg, .. .), d= (do,dl,dg, .. .), and

a = (ay,as,as,...) =e_1*(a— apep).
Then Equation (27) is equivalent to
a=dxa+b.

To find a, we find that Equation (28) holds if and only if
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e1xa—apge_1 =dxa+bs (e —d)xa=ape_1+bsa=(e.; —d)™' * (ape_1 + ).

To find (e_; — d)™!, observe that e_; —d = e_1 * (eg — e1 * d). Therefore, (e_; — d)™*
e1 % (I — ey xd)~'. To be able to compute (I — ey * d)™!, let us assume that d is a finite
) and ]—Gld: (...,0,0,l,—do,—dl,..

sequence. Then ey xd = (...,0,0,dp,dy,ds, ...
where dy and —dy are respectively in the first position. Then

I —ed=1—dyz —dyz2— ... —dyzN+!

= —dngp + P24+ —dgjglzN—i—zN“]

k
= —dy ] (= - b))™,

J=1
for some pairwise distinct complex numbers b;. Thus

— -1 =1
(I —ed) =-—2"— and (I —e;d)™! = d—; '

1 (z—=b;)" J

where a,, = (...,0,0,-0;,1,0,0,...) as in Lemma 2.9.

k n
—n;
a
b:

=1 7

),

If d is not finite, we do not (yet) have an effective method to compute (I — e;d)~'.
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APPENDIX: COMPUTING THE CONVOLUTION
INVERSE WITH MATHEMATICA

The following Mathematica program will compute the convolution inverse, a=!, given
a € m. The input data is the lower and upper indices of a and the first 100 nonzero
elements of a. The output is the lower index of a~! and the first 100 elements of a=!. The
program can be suitably modified for sequences a with ind,(a) — ind;(a) > 100.

(Label[beginofprogram])
indexlower=Input[“Enter lower index of sequence:”]
indexupper=Input|“Enter the upper index of sequence:”|
a=Table[i*0,1,1,100]
Dolal[i]|=Input[“Enter next(first) number in the sequence:”],i,1,indexupper-indexlower+1]
Print[“Starting position of sequence: ” indexlower]
Print/[a]
ainvindexlower=-indexlower
Print[“Starting position of inverse: ” ainvindexlower]
ainv=Table[i*0,i,1,100]
ainv([1]]=1/a[[1]]
m=1
(Label[beginloopl];
m=m-+1;
ainv|[[m]]=0;
i=0;
Label[beginloop2];
1=1+1;
ainv([m||=ainv|[[m]]+a[[1-i+m]||*ainv|[1+i-1]];
If[i < m — 1,Goto[beginloop2]]);
ainv([m]|=-ainv{[m]] /a[[1]};
Iffm < 100,Goto[beginloopl]])
Print[ainv]

(Label[endofprogram])
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