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Abstract

Ihara introduced the zeta function of a finite graph in 1966 in the context of p-adic matrix
groups. The idea was generalized to all finite graphs in 1989 by Hashimoto. We will introduce
the zeta function from both perspectives and show the equivalence of both forms. We will
discuss several properties of finite graphs that are determined by the zeta function and show
by counterexample several properties of finite graphs that are not determined by the zeta
function. We will also discuss the relationship between the zeta function of a finite graph

and the spectrum of a finite graph.
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Chapter 1

Introduction

The zeta function of a finite graph was introduced by Thara [Tha66] in 1966 in the context of
p-adic matrix groups and was specialized to graphs in 1989 by Hashimoto [Has89]. In this
chapter, we will introduce the zeta function of a finite graph. In Chapter 2, we will discuss
the properties of a finite graph that are determined by its zeta function. The relationship
between the spectrum of a finite graph and its zeta function is discussed in Chapter 3. We
will conclude by proposing several topics and questions that require further investigation in
Chapter 4. The examples provided in Chapter 2 and Chapter 3 were found using programs

written in MAGMA. Several of these search programs are included in the Appendix.

1.1 Definition of the Zeta Function of a Finite Graph

A graph v with vertex set V' and edges set F is a finite, undirected graph and may include
multiple edges, loops and multiple components. A walk is a sequence of vertices and edges
and is denoted (v, e1,v9, €2, , Um_1, €m_1, Um) Where edge e; connects vertex v; and vertex
vir1. If e; is a loop, then a direction must also be specified along which e; is traveled. Note

that v; and v; may be equal for any 7 and j and e; and e; may equal for any ¢ and j. A cycle



is a walk in which the first and the last vertex are the same. If cycle C' is unambiguous, then
C may be denoted (vy,v9, -+, Up_1, V7).

A cycle has backtracking if in the cycle a non-loop edge appears twice in immediate
succession or if a loop is immediately followed by the same loop traveled in the opposite
direction. A tail occurs in a cycle without backtracking if the first edge and the last edge in
the cycle are the same non-loop edge or if the first and last edge are the same loop traveled
in opposite directions. Cycle C' is primitive if C' is not the power of another cycle. In other
words, cycle C' cannot be obtained by repeating another cycle a finite number of times.

Cycle C' = (v, e1,v9, €9, ,Um_1,€m_1,v1) and cycle D are equivalent if there exists an
index 7 such that cycle D = (v, €;, Vi1, €015 ", Um—1, €m—1, V1, "+ , Vi1, €i_1, ;) for some
vertex v; in cycle C. Let [C] denote the class of all cycles equivalent to primitive, tail-less,
backtrackless cycle C, and let () denote the set of all such [C]. Let v([C]) be the number

of edges in representative C' of equivalence class [C].

Definition 1.1.1. The lhara zeta function of finite graph  is

(1.1) Z\(u) = H (1- u”([c]))_l.
[Clem(v)

In this dissertation, we will shorten the name "Thara zeta function of a graph" to "zeta

function of a graph".

The product in Definition 1.1.1 is a formal product. For given [C], the factor

v([C _1_ 1 . v[C 20[C
(1 =) = s = 1l

is a power series in u. Since 7 is a finite graph, there are only a finite number of cycles with

a given length. Hence, the zeta function of a finite graph is a product of power series in which



each power of u appears only a finite number of times. Thus, the product in Definition 1.1.1

is a power series.

Example 1.1.2. Let v be a n-gon graph. Then

since there are only two non-equivalent primitive cycles without tails and backtracking, one

clockwise and one counterclockwise.

The barycentric subdivision of graph 7, denoted (s, is created by adding a vertex to
the midpoint of each edge. In other words, each edge is divided into two edges by adding

one vertex per edge.

Proposition 1.1.3 ([Has89]). Let v be a finite graph. Then

Z“/(uz) = Z’Y(z) (u)

Proof. The proof follows directly from the definition of the zeta function of a finite graph.
The equivalence classes of primitive, tail-less cycles without backtracking in graph + have a
one-to-one correspondence onto the equivalence classes of primitive, tail-less cycles without
backtracking in 7). The bijection takes an equivalence class from graph  where a repre-
sentative of the class has v([C]) edges and maps it to the corresponding equivalence class in

graph () where a representative has 2v([C]) edges. Thus,

z)= [ (=)= T (=) =2, (u)

[Clem(v) [Clen(v)



1.2 The Thara-Hashimoto Theorem

Let v be a finite graph with n vertices and e edges, and let n x n matrix A be the adjacency
matrix of graph 7. By definition, for i # j, element A, ; of matrix A is the number of edges
between vertex ¢ and vertex j and A;; is twice the number of loops at vertex i. Note that
(A™); ; is the number of walks of length n starting at vertex ¢ and ending at vertex j. Define
the ()-matrix of graph v as a diagonal n x n matrix where ();; is one less than the degree of

vertex i. Let I be the n X n identity matrix.

Theorem 1.2.1 ([Has89]). The zeta function of finite graph ~y can be written

B (1 _ u2)n—e
Zy(u) = det(I — Au + Qu?)’

We will conclude this section by proving Theorem 1.2.1 by following the proof in Stark
and Terras [ST96].

Let A,, be an n x n matrix where element (A,,);; is the number of walks in graph v of
length m with no backtracking starting at vertex ¢ and ending at vertex j. Define Ag = I,

and note that A; = A.
Lemma 1.2.2. Matriz Ay = A?> — (Q + I) and for m > 3, matriz A,, = A 1A — A,_2Q.

Proof. Entry (A?);; counts the number of walks of length two from vertex i to vertex j.
Entry (As);; counts the number of walks of length two without backtracking from vertex ¢
to vertex j. If i # j, then there are no walks of length two from vertex i to vertex j with
backtracking. So if i # j, then (As);; = (A?);;. Backtracking will occur in a cycle of length
two only if the cycle is of the form (i, eq, j, e1,7). This will occur exactly once for each edge
and twice for each loop. So (A?);; counts the degree of vertex i or (Q;; + 1) more cycles

than (As);;. Thus, A? = Ay — (Q + ).
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Figure 1.1: Walk (¢,--- , h, k, j, k) contains backtracking.

Now assume m > 3. Let V, be the set of all vertices adjacent to vertex k. Note that if

vertex k has a loop, then k£ € V. The sum

> (Am-1)ijAjk

JEVK

computes the number of walks without backtracking of length m from vertex ¢ to vertex k
plus the number of walks with backtracking of the form depicted in Figure 1.1. Note that
the walk from vertex 7 to vertex j through vertex k£ of length m — 1 in Figure 1.1 has no
backtracking, and that vertex j could be any of the Qx + 1 vertices adjacent to vertex k

with the exception of vertex h. Thus, the number of walks of the form depicted in Figure

1.1is (Am—2)ixQri = (Am—2Q)ik- S0 A = A1 A — A, —2Q as desired. [ |

For m > 1, let t,, be the number of cycles of length m with tails and no backtracking in
graph ~. Note that in this situation a tail must occur at the beginning of a cycle to avoid

backtracking.
Lemma 1.2.3. We havet; = 0 andty = 0. Form > 3, we have t,,, = Tr{(Q—1)Am—2|+tm—2.

Proof. Since there are no walks with a tail and no backtracking of length one or two, we
have ¢t;, = 0 and ¢5 = 0.
Let V be the set of vertices in graph v, and let Vi be the set of all vertices adjacent to

vertex k. Define C,, to be the set of all cycles of length m with a tail and no backtracking.
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Figure 1.2: Possible vertices i if cycle D has a tail and no backtracking.
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Figure 1.3: Possible vertices i if cycle D has no backtracking and no tail.

Let E,, be the set of all tail-less cycles of length m with no backtracking. Then

t, = Z number of elements in C,, with initial vertex 7
eV

= Z Z number of elements in ), with initial vertex ¢ and second vertex j.
eV jev;

Since a tail has to occur at the beginning of a cycle without backtracking, cycle C' in
C,, starting at vertex ¢ and going directly to vertex j has the form (i,e1,7, e, -+, 7, €1,1).
Let cycle D = (j, e, -+ ,,€em_2,7) be the cycle of length m — 2 that results from removing
vertex ¢ and edge e; from the beginning and the end of cycle C'. If cycle D does have a tail,
then vertex ¢ must be one of the ();; vertices which are adjacent to vertex j and not one

step away from vertex j in cycle D. This situation is depicted in Figure 1.2. If cycle D does



not have a tail, in order to avoid backtracking, vertex ¢ must be one of the (); ; — 1 vertices
which are adjacent to vertex j and not adjacent to vertex j in cycle D. This situation is
depicted in Figure 1.3.

So,

tm = Z Z[Qm(number of elements in C,,_» with initial vertex j)
i€V jev;

+ (Q;; — 1)(number of elements in E,,_» with initial vertex j)]

= Z Z[(number of elements in C,,_» with initial vertex j)
i€V jev;

+ (Qj,; — 1)(number of elements in C,,_, with initial vertex j)

+ (Q;; — 1)(number of elements in E,,_» with initial vertex j)]

= Z Z[(number of elements in C,,_5 with initial vertex j)
i€V jeVi

+ (Q,; — 1)(number of elements in E,,_» U C,,_» with initial vertex j)]

=tm-2 + Tr((Q — I)An—2)

Lemma 1.2.4. Let f(u) be a square matriz. Then

1 (= tos (= 50 ) =T (P01 = ) ™).

Proof. First we will see that

() = i&f () () (f ()"~



Clearly, this is true for n = 1. Using induction,

Therefore,

Using —log(I — f(u)) = an1 %(f(“))n and #(u) = anl(f(“))n_la we have

T (o tou(r = ) ) =T (422 %(f(u))”)

=Tr () f’(U)(f(U))"‘l)




Lemma 1.2.5. Let I be the identity matriz, A the adjacency matriz of graph ~, and Q) the
Q-matriz of graph . Then exp(Tr(log(I — Au + Qu?))) = det(I — Au + Qu?).

Proof. Let \;(u) be the set of n eigenvalues of matrix f(u) = Au — Qu?. Then

exp(Tr(log(I — Au+ Qu?))) = exp | Tr (_ > _.(f(u))]))
e -3 1Tr<f<u>>ﬂ'>
—ew (-X05 ius(u»j)
= exp i <— > 1(As(u))j>)
— exp i log(1 — Mu)))
)

Il
@
”
T
—
Q
02 -
w
ﬂ. 3
—
—_
|

= det(1 — Au + Qu?).

Now, we are ready to prove Theorem 1.2.1.

Proof of Theorem 1.2.1. Using Definition 1.1.1, we have

log Z,(u) =log | [] (1 —uoe)~! — 3 log(l — (D) Z Z RICe)

[Clen(v) [Clen(v) [C]e ]>1



Thus,

oz )= Y e(lc]) Y wtl

[Cler(y) jz1

3% 3wt

Jjzl d>1 [Clen(y)
d=v([C])

XY S e

j>1 d>1 [C}EW v)
=v([C])

It follows that

udilogz =>">"a Y wlen,

j>1 d>1 [c}@r )
=v([C])

Let C* be the set of all primitive, backtrackless, tail-less cycles in graph ~. Since there are

d elements in [C], we have

dd log Zy(u) = >_ > 3w

J>1 d>1 Cec*
d=v(C)

= Z Z w0,

j=>1 CeC*

The sums over j and cycles C' combine as one sum over all cycles C' with no backtracking
and no tails. Let V,, be the number of cycles in graph v of length m with no backtracking

and no tails. Then
(1.2) u—log Z,(u) = N,
. U E mt™
U &4

Expanding ), - (Anu™)(I — Au+Qu?) and simplifying using the relations from Lemma

1.2.2, we get

(1.3) > (Apu™)(I = Au+ Qu?) = I(1 - u?).

m>0

10



Solving for I and using

1 .
1—u? :Zuzj’

>0

we have

_ <Z Amum> (Z u2j> (I — Au+ qu?)

m>0 §>0

or

5]
(1.4) (ZZAm - )1 Au+ QuP) .

m>0 j=0

By Lemma 1.2.3, for m > 2 we have

tm = TI' ((Q — I)Am_g) —|— tm_g

=Tr((Q = DAn—2) + Tr((Q — 1)) Apa + tm—a

mlJ
=Tr [ (Q—1) ZAm2J).

We know N,, = Tr(A,,) — t,,. Using Equation 1.5, we have

|1
Np=Tr(Ay) =T [(Q—1) ) AmQj)
(1.6) -

L5 ]
j=1

for m > 2.

For m > 0, define

,i
f3
i
—
w[3
ik

N;:v, (Q [) m 25 — QA (Q - ]> Am—2j-

<.
Il
-
<.
Il
o

11



Then for m > 1, we have

Ny, if m is odd
(1.7) Tr(N) =

m

Ny —Tr(Q — 1) if m is even.

Using the definition of N;,, Equation 1.3, and Equation 1.4, we have

(Z N;;W) (I — Au+ Qu?)

m>0

Since Nj = Ay = I, we have

(Z N;;um) (I — Au+Qu?) =T —Qu* — (I — Au+ Qu?)

m>1

= Au — 2Qu>.

Thus,
D Npu™ = (Au—2Qu) (I — Au+ Qu?) ™.

m>1

Using the previous equation and letting f(u) = (Au — Qu?) in Lemma 1.2.4, we have

Tr (Z N;um> = Tr ((Au — 2Qu*)(I — Au+ Qu*)™")

m>1

=Tr ((—u% log(I — Au + Qu2)) .

12



Using Equation 1.7 and

1 )
1—u? :Zuzj’

Jj=20
we have
Tr (Z N,*num> = ZNmu —Tr(Q—1) Z u™
m>1 m>1 m even
1
=Y Nou™ = Tr(Q - I)< 2—1)
m>1 —u
02
=Y Npu" = Tr(Q - I) <1_u2) .
m>1
Thus,

Tr ((—u% log(I — Au + Qu? ) ZNmu —Tr(Q —1) ( v ) .

1—u?
m>1
Using the previous equation and Equation 1.2, we have

u— log Z.,(u Z Npu™

d m>1

= Tr ((—u% log(I — Au + Qu2)) +TEQ - 1) ( u? )

1 —u?

B d 9 u 9\ Zr(@=D)
=Tr ((—u@ log(I — Au+ Qu )) U= log ((1 u) ) .

Since both sides of this equation are zero at u = 0, we can integrate to get

Using Lemma 1.2.5, the theorem is proved. [ |
Corollary 1.2.6. The zeta function of a graph is the reciprocal of a polynomial.

Proof. Let v be a graph, and let v* be the graph obtained by removing any isolated or

pendant vertices from graph ~. The zeta function of graph v and the zeta function of graph

13



~* are the same since a pendant vertex or an isolated vertex does not contribute to any
backtrackless, tail-less cycles. The number of edges in a graph without isolated vertices and
pendant vertices is always greater than or equal to the number of vertices. Using Theorem

1.2.1, the zeta function is the reciprocal of a polynomial. [ |

Since Z.(u) is the reciprocal of a polynomial, we will usually consider the inverse zeta

function,

(1.8) Z- ) = (1 — u?)e"det(I — Au + Qu?),

v

which is the reciprocal of the zeta function of graph ~. Also, we will restrict our study to

md, graphs in which every vertex has a minimal degree of at least two.

14



Chapter 2

Properties Determined by the Zeta
Function of a Finite Graph

2.1 Coefficients in the Zeta Function of a Finite Graph

Let v be a md, graph with e edges and n vertices. Let A be the adjacency matrix of graph

~ and let ) be the ()-matrix. Then

Z,(w)™t = (1 — u®)* "det(I — Au + Qu?)

o1 (i () (f0))
=1- <; AM) w4+ (1) (f[ Q) u.

The degree of the zeta function of graph ~y is twice the number of edges in graph v, and the
coefficient of u is negative twice the number of loops in graph ~.

However, the number of vertices is not determined by the zeta function of a graph. For
example, graph v and graph 7' depicted in Figure 2.1 have the same zeta function but
a different number of vertices. However, the zeta function does determine the parity of
the number of vertices. To see this, assume graph v and graph +' are md, graphs with

. . . !
the same zeta function. Since the coefficients on u* are equal, [[;; Qi equals []}_, Q;

15
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Figure 2.1: Graph ~ and graph 7' have the same zeta function and a different number of
vertices and components.

or differs by a negative. However, since each diagonal element in matrix () is an positive
integer, the product of the diagonal elements is always positive. So, [[, Qi = [[1-, Qi
and (—1)" = (—1)5_"l. Thus, the parity of n and n' must be the same.

Figure 2.1 also shows that the zeta function of a graph does not determine the number of
components in the graph. The MAGMA program used to find the graphs depicted in Figure
2.1 is given in the Appendix, see page 38.

The edge structure of a graph is also not determined by its zeta function. In Figure 2.2,
graph ~ has three occurrences of double edges and graph ' has one occurrence of triple

edges.

2.2 Zeta Functions of Graphs with Only One Vertex

Proposition 2.2.1. If two graphs with only one vertex each have the same zeta function,

then the graphs are isomorphic.

Proof. An md, graph with only one vertex can only have loops as edges. Since two graphs
with the same zeta function have the same number of loops, the graphs must be isomorphic.

16



Figure 2.2: Graph v and graph 7’ have the same zeta function and different edge structure.

Proposition 2.2.2. If mdy graphs v and 7' have the same zeta function and graph ~ has

only one vertex, then graph v and graph ~' are isomorphic.

Proof. Since graph v has only one vertex, all the edges in graph v must be loops. Since
graph ~ and graph 4" have the same zeta function, both graphs have the same number of
edges and the same number of loops. Thus, every edge in graph 4’ is also a loop. Since
graph 7' has only loops, its adjacency matrix is a diagonal matrix. Let A}, --- A}, , be the
diagonal entries in the adjacency matrix of graph 7' where n’ is the number of vertices in
graph 7. Then the adjacency matrix of graph 7 is a 1 x 1 matrix with entry Z;il Al
The coefficient on u? in the zeta function of graph vy is —(e—1)+q11 = —e+1+2e—1 =e.

The coefficient on u? in the zeta function of graph +/ is

—(6 — n/) —+ nz Qm’ — Z Ai,iAj,j = —e+ n/ + 2e — n/ — Z Ai,iAj,j =€ — Z Ai,iAj,j-
=1

1<j 1<j 1<j

Thus, 0 = >,_. A;;A;;. Since A;; > 0 for every vertex i, the previous equation is true if

i<j
and only if graph 4/ has only one vertex. By Proposition 2.2.2, graph ~ is isomorphic to

graph /. [

17



2.3 Zeta Functions of Graphs with Exactly Two Vertices

Proposition 2.3.1. If two mdy graphs v and ' with exactly two vertices each have the same
zeta function, then the graphs are isomorphic.

Proof. Let

20 ¢ 2r vy
A= and A’ =

c 2d y 2z

be the adjacency matrices of graph ~ and graph 7' respectively where b, ¢, d, x, y, and z are

non-negative integers. Then

1—2bu+ (2b+c— 1)u? —cu
Z;l(u) _ (1 . u2)b+c+d—2 det ( )
—cu 1 —2du+ (c+2d — 1)u?
1—2zu+ (22 +y — 1)u? —yu
— (1 _ u2)x+y+z—2 det ( Yy ) Yy
—yu 1—2zu+ (y+ 2z — 1)u?

Since graph ~ and graph 7’ have the same zeta function, the number of edges in each

graph must be equal. So b+ c+ d =z 4+ y + 2. Thus, the determinants are equal and

u*(—2¢ — 2b + ¢ + 2bc — 2d + 4bd + 2cd + 1) + u*(—2bc — 2cd — 8bd + 2b + 2d)+
u?(—2 + 4bd + 2d + 2b — ¢* + 2¢) + u(—2d — 2b) + 1
= u'(—2y — 27+ y* + 22y — 22 + 4wz + 2yz + 1) + v’ (—27y — 2yz — 8xz + 27 + 22)

+u? (=2 4+ 4rz + 22 + 22 — y* + 2y) +u(—2z — 2z) + 1.

The coefficients of v imply b+d = x + 2. Since b+c+d =+ y + 2z, we have c = y. It

follows using the coefficients on u? that bd = xz. Solving this equality for b and substituting

18
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Figure 2.3: Graph v and graph 7/ have the same zeta function but are not isomorphic.

into b+ d = x + 2, we have 2 + d* = dz + dz or x(z — d) = d(z — d). So either z = d or

x = d. Either way, graph + is isomorphic to graph ~'. [ |

2.4 Zeta Functions of Graphs with Exactly Three Ver-
tices

Two graphs with the same zeta function and with exactly three vetices each are not necessar-
ily isomorphic. The two graphs depicted in Figure 2.3 have the same zeta function but are
not isomorphic. Note that this example is the smallext example with respect to the number

of vertices.

19



Chapter 3

The Zeta Function and the Spectra of a
Finite Graph

The spectrum of graph -, denoted Spec(7), is the set of eigenvalues with multiplicity of its
adjacency matrix. In other words, two graphs have the same spectrum if their respective
adjacency matrices have the same characteristic polynomial.

The zeta function of a md, graph does not determine the spectrum of the graph. Figure
3.1 is an example of two graphs that have the same zeta function and different spectrum.
This example is the smallest example with respect to the number of edges. The MAGMA
program used to find the graphs depicted in Figure 3.1 is given in the Appendix, see page
40.

The spectrum of a mds graph does not determine the zeta function of the graph. Figure
3.2 is an example of two graphs with the same spectrum and different zeta functions. This
example is the smallest example with respect to the number of edges. Figure 3.3 is the

' <>Q<>Q—°<>Q
0 0.

Figure 3.1: Graph ~ and graph +/ have the same zeta function and different spectrum.

20
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Figure 3.2: Graph 7 and graph ' have the same spectrum and different zeta functions.

Figure 3.3: Connected graph v and connected graph ' have the same spectrum and different
zeta functions.

smallest example with respect to the number of edges of two connected graphs with the
same spectrum and different zeta functions.

If additional restrictions are placed on a md, graph, then there is relationship between
the zeta function and the spectrum. In Section 3.1, we will show that the zeta function of
a regular md; graph determines the spectrum of the graph and the spectrum of a regular
md, graph determines the zeta function. We will also introduce the Riemann Hypothesis for
regular graphs and discuss how the spectrum and the zeta function of a Ramanujun graph
are related. In Section 3.3, we will see that the zeta function of a biregular-bipartite mds
graph determines the graph and the spectrum of a biregular-bipartite mds graph determines
the graph. Note that two graphs that are not both regular or both biregular-bipartite may

still have the same spectrum and the same zeta function. Figure 2.2 is one such example.

21



3.1 Regular Graphs

A graph is regular if every vertex has the same degree. The largest eigenvalue of regular

graph v is A\; = (¢ + 1) where ¢ + 1 is the regularity of graph ~.

Lemma 3.1.1. Let v be a reqular mdy graph with reqularity q + 1. Then

Z7 ) = (1=u®) " [T (1= Au+ qu?)

=1

where {\;}_ are the eigenvalues of the adjacency matriz, e is the number of edges, and n

15 the number of vertices.

Proof. Since I — Au + Qu? is a real symmetric matrix, there exists a matrix M such that

1 — \u+ qu? 0
M(I — Au+ Qu*)M " =

0 1 — A\u + qu?

The determinant of this diagonal matrix equals the determinant of I — Au + Qu?. So

—.

Z M (w) = (1 —u?) "] (1= Nu+ qu?).

i=1

Theorem 3.1.2 ([Mel01]). If v and v are regular md, graphs, then v and ' have equal

zeta functions if and only if the graphs have the same spectrum.

Proof. Let g+ 1 be the regularity of graph v and ¢ + 1 be the regularity of graph ~'. First

assume graph ~ and graph 7' have equal zeta functions where Spec(y)={\{,...,\,} and

22



Spec(y')={\,,...,\.}. Then

= (1 —u?)" (1 — \u+ q/u2>
1=1

_ -1

=7 (u)

where n and n’ are the number of vertices in graph v and graph 7 respectively and e is the
number of edges.
Without loss of generality, assume ¢ + 1 < ¢. Since A\; = ¢ + 1, we know % is a root

of Z7'(u). So % must be a root of Z;,l(u). Thus, there exists an eigenvalue \;, namely

(1 (12
q q

! !

&=q+%zd+1+%>d+1

N =q+ L., such that

But,

This contradicts eigenvalue Xl = ¢ + 1 being maximal. Thus, ¢ = ¢

Since graph v and graph 4 have the same regularity and the same number of edges,
graph v and graph 7" have the same number of vertices. It follows that graph v and graph
~" have the same number of eigenvalues. Pick the largest root of Z; Y(u) and call it .
Then there exists a 3; such that a3, = %. This gives eigenvalue \; = (a1 + (;)q. Since
7z u) = Z;l(u), the same pair of root exists for Z;l(u). Thus A\; = \}. Pick the next
largest root and call it ap. This process can be repeated n times to show Spec(y)=Spec(7').

Now assume, Spec(y)=Spec(y)={\1,...,\,}. Since the largest eigenvalue of a regular
graph is its regularity, graph v and graph 7’ have the same regularity. Since graph ~ and

graph 7 have the same number of vertices and the same regularity, they have the same
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Figure 3.4: Graph + and graph +' are non-isomorphic, regular, and have the same zeta
function.

number of edges. By Lemma 3.1.1, we have Z ' (u) = Z;,l(u). [ |

Corollary 3.1.3. If v and ~' are regular mdy graphs with the same zeta functions or the
same spectrum, then graph ~v and graph ~' have the same reqularity and the same number of

vertices and edges.

Figure 3.4 is the smallest example in terms of vertices of two non-isomorphic regular
graphs with the same zeta function and thus the same spectrum. The MAGMA program
used to find the graphs depicted in Figure 3.4 is given in the Appendix, see page 46.

In order to discuss the Riemann Hypothesis for regular graphs, we need to make a change
of variable by setting u = ¢~° where graph ~ has regularity ¢ + 1. The following proposition
shows that the equality of the zeta functions of two regular graphs is not affected by the

change of variable.

Proposition 3.1.4. Let v be a (q+ 1)-regular graph with n vertices, and let v' be a (¢’ +1)-
reqular graph with n' vertices. Then Z,(q~%) = Z,((q')~°) for all s if and only if Z,(u) =
Zy(u) for all u.
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Proof. If Z,(u) = Z,/(u), then graph ~ and graph ' have the same regularity by Corollary
3.1.3. Thus ¢~* = (¢')*.

Assume Z,(q~°) = Z,/((¢')~*), and without loss of generality, assume ¢’ > ¢. Let —s =
log,(u). Then

log q

2,(0) = 2,(a7) = 2 (0)) = 2 () = 2,008

where ¢* = ¢’. We need to show k = 1.

The lead coefficient of Z,(u) is +¢" and the lead coefficient of Z.,(u*) is (¢')"". Since ¢
and ¢ are positive, ¢" = (¢)"'. Substituting ¢* = ¢’ and solving for n, we have n = kn'.

Assume graph 7 has e edges and graph ' has ¢’ edges. Then the degree of Z'(u) is 2¢
and the degree of Z,'(u") is 2¢'k. So e = ke'.

Using the regularity of graph v, we have (¢ + 1)n = 2e. By substituting e = ke’ and
n = kn', we get

2¢’
3.1 n = )
( ) qg+1

Using the regularity of graph ~, we have (¢* 4+ 1)n’ = 2¢’. Solving for n/, we have

, 2¢
n=—
q" +1
Using Equation 3.1, we can conclude that ¢ + 1 = ¢* + 1. Thus, k = 1 as desired. [ |

Definition 3.1.5 ([ST96]). Let v be a (¢ + 1)-regular graph and set u = ¢~*. Then graph
7 is said to satisfy the Riemann Hypothesis if and only if Re s € (0,1) and Z,(¢"*) = 0

. . . l
implies Re s = 3.
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Definition 3.1.6 ([LPS88]). A (¢ + 1)-regular graph is a Ramanujan graph if and only if

for every eigenvalue )\; of the adjacency matrix with the exception of |\;| = ¢ + 1, we have

| < 24

Proposition 3.1.7 ([ST96]). Let v be a (q+1)-reqular graph. Then ~y satisfies the Riemann

Hypotheses if and only if v is a Ramanujan graph.

Proof. Let {\;}"_; be the set of eigenvalues of the adjacency matrix of graph v. By Lemma

3.1.1, we know

Z7u) = (1 —u?) " [T (1= Nu+ qu?) .

i=1

Let {a;, (;} be the set roots of []7_, (1 — \ju + qu?) where o,;8; = ¢ and a; + 3; = \;. So

o ﬂ_)\l:l:\/)\?—4q

2q

For each root we can write a; = ¢~ *® for some complex number —s = ¢ +i7. Then |o;| =
lg7%| = [¢°"""| = |¢°| = \/q if and only if ¢ = 5. So |\;| < 2,/q if and only if o; and (; are
complex conjugates with absolute value ,/q. If \; = £(q+ 1), then o;, 3; € {2¢,2, -2, —2q}.

In this situation, |a;| = |¢°| implies s = 0 or s = 1.

3.2 Bipartite Graphs

A bipartite graph is a graph in which the vertex set IV can be divided into two non-empty
disjoint sets U; and U, whose union equals V' and where every vertex in U; is not adjacent to
any vertex in U;. Hashimoto [Has89] remarks that the zeta function of a bipartite graph is
an even polynomial. In other words, Z'(u) = Z'(—u) for every bipartite graph ~. Thus,

we will typically consider Z- (u2) when discussing bipartite graphs.
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Figure 3.5: Bipartite graphs + and 7" have the same zeta function and different spectrum.
;@
y1 %

Figure 3.6: Bipartite graphs « and ~" have the same spectrum and different zeta functions.

The zeta function and the spectrum of a bipartite graph do not determine one another
as they do for regular graphs. Figure 3.5 is an example of two bipartite md, graphs with
the same zeta function and different spectrum, and Figure 3.6 is an example of two bipartite
md, graphs with the same spectrum and different zeta functions. The examples in Figure
3.5 and Figure 3.6 are both the smallest examples with respect to the number of edges. The
MAGMA program used to find the graphs depicted in Figure 3.5 is given in the Appendix,

see page 47.

3.3 Biregular-Bipartite Graphs

A biregular-bipartite graph is a bipartite graph where every vertex in U; has the same degree

and every vertex in U, has the same degree. We will denote the number of vertices in U; and
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U, as ny and ny respectively and the regularity of the vertices in U; and U; as ¢;+1 and ¢o+1
respectively. We also will assume without loss of generality that ny > n,. With this notation,
we have that the number of edges in a biregular-bipartite graph is n;(q; + 1) = na(ga + 1).

Hashimoto [Has89] shows the largest eigenvalue of biregular-bipartite graph ~ is A; =

v/ (q1 +1)(g2 + 1), and this eigenvalue occurs exactly as many times as the number of com-
ponents in graph ~. He also shows that a biregular-bipartite graph has spectrum of the
form

{:l:>\17:|:>\27"' 7:|:>\n1707"' JO}
———

no—ni
where |A1| > [Ao| > -+ > |\, | > 0.
Hashimoto [Has89] proves that the inverse zeta function of a connected biregular-

bipartite graph -y is
- 1 n n n n
Z7 M uz) = (1 —u)™ 07" (1 + gou)"®” 1H (1= =1 — g) u+ Q) .

However, this expansion can be extended to graphs with multiple components since the zeta

function of a non-connected graph is the product of the zeta functions of each component.

Theorem 3.3.1. Let v and v be bireqular-bipartite mdy graphs. If Z.(u) = Z.s(u), then

graph v and graph ~' are isomorphic.

Proof. We are given that

ni

Z7NuF) = (1= w272 (1+ gu)™ ™ T (1= (M — @1 — ¢2) u+ qugou?)

j=1
’ ’ / / nll 2
= (1= a1 g [T (1= (N~ - ) vt e’
j=1
— 7Yy
= Z'y/ (u2)
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Since graph ~ and graph 4" have the same number of edges,
(3.2) m(q +1) = na(g2 + 1) = (g, + 1) = ny(go + 1).

The coefficients on u°, where Zﬁ,(u%) =Zy (u%) is a degree ¢ polynomial, are equal so

I i

n n ’ n2 ’ nl
(3-3) q22q11=(qz> (q1> :

Note that - is a root of Z;l(u%) since \i = 1/(q1 +1)(g2 + 1). So - must be a root

of Z;l(u%). If - =1, then ¢ = ¢ = 1. If -~ # 1, then there exists an eigenvalue X, of

graph 7 such that
2 ! !
! ! ! q q
()\j) = Q@+ o+
4192

The largest eigenvalue of graph 7" is A} = v/(q; + 1)(¢; +1). So

! !

’ ’ q.19q ’ ’
(¢ + (g +1) > qige + q1—2 +q; + gy

142

It follows that

q;q;(qqu - 1) > C]1Q2(Q1CI2 - 1)-

Thus, either ¢; = ¢, =1 or q’lq; > q14qa.

Similarly, since -+ is a root of Z;l(u%), we know ¢, = g, = 1 or q1q2 > ¢,

4192
Ifqgu=qg=1or q; = q/2 =1, then by Equation 3.3, we have that ¢ = ¢» = q; = q; = 1.
It follows that n; = ny = n'l = n'2 by Equation 3.2. In this situation, graph v and graph +/

are isomorphic. If q’lq; > q1q2 and q1qp > qllq;, then

(3-4) 192 = q;‘];-
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Clearly, Z;l(u%) has 1 as a root at least nyq; — ny > 0 times. If Z;l(u%) has 1 as a root

more than n;q; — ny times, then there exists some eigenvalue \; such that

1— (X =g —q) (1) +qe 1)’ =0.

Only the largest eigenvalue, \; = \/(ql + 1)(go + 1), satisfies this equation. So Z;l(u%) has
one as a root exactly n1q; — ng + k times where £ is the number of components in graph 7.
Similarly, Z;l(u%) has one as a root exactly n)q, — n, + k times where &' is the number
of components in graph +'. So, niqg1 — no + k = n’lqll — n'2 + k'. Without loss of generality,

assume k > k. Then

/ ’ /
/ ’ ’

’

mqi (naga + n2) — na(mgr +n1) < 11, (nagy + na) — ny(nygy +n7)

’ / ’ ’ ’

!
q142m1N2 — @1 oM Ny < NN — NNy

G12(n1ng — nyny) < Nyng — NN,
So, ¢1¢2 < 1. This is a contradiction so k = k" and

!

(3.5) nigr — Ny = nyq; — Ny,

From Equation 3.2, we have n;(q; + 1) = n;(q, + 1). Subtracting Equation 3.5 from this

equality, we get

Thus, graph v and graph 4 have the same number of vertices.
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Assume n; = ny. By Equation 3.3 and Equation 3.4, we have

! ! !

Ty—Ny r o\
<Q1 Q2>

Using Equation 3.6, we have either q; = ¢, or n; = n}. Either way, we can conclude from
Equation 3.2 and Equation 3.4 that graph -~ and graph +/ are isomorphic.

If ny # no, then u = ;—21 is a root of Z;l(u%) and thus a root of Z;,l(u%). If go = gy # 0,

then using Equation 3.2 and Equation 3.4, we have that graph ~ and graph 7’ are isomorphic.

If o # gy, then there exists an eigenvalue >\;- such that
! 2 / !
(%’) =@+ q—q —

Thus, ¢1 + ¢ — ¢, — o > 0 implies ¢ + g2 > q; + ¢

Similarly, if ;—,1 is a root of Z;l(u%), then ¢, + ¢, > q1 + 2. Thus,
2
(3.7) 0+ 6 =aqt g

Solving Equation 3.4 for ¢; and substituting this into Equation 3.7, we have

’

C_Ill((b - Q2) = Q2(q/2 - C_I2)-

So, q; = @y Or q'2 = ¢o. Either way, by Equation 3.2, we can conclude that graph ~ and graph

~" are isomorphic. [
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The Q-spectrum of biregular-bipartite graph + are the solutions to the modified charac-

A
Q- () = det ()\I T eT 1))

where [ is the identity matrix and A is the adjacency matrix. The following discussion of the

teristic polynomial

relationship between the spectrum of a graph, the Q-spectrum of a graph, and the number

of edges in a biregular-bipartite graph is from Cvetkovi¢, Doob, and Sachs [CDS80].

Theorem 3.3.2. Let v be a biregular-bipartite graph with n vertices and let o = \/(q1 + 1)(q2 + 1).

Then

Q-(\) = — P, (o))

on
where P, () is the characteristic polynomial of adjacency matriz A. In other words, the spec-
trum of a bireqular-bipartite graph determines the QQ-spectrum of a bireqular-bipartite graph

and the Q-spectrum of a bireqular-bipartite graph determines the spectrum of a bireqular-

bipartite .

Theorem 3.3.3. Let v be a mdy bireqular-bipartite graph with n vertices and Q-spectrum
{A, -+ N Yo Let E be the set of all edges in graph v where edge e; ; connects vertex i and

vertex j. Then
1
d;d,

v=1 e ;€L

where d; 1s the degree of vertex 1.
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Corollary 3.3.4. Let v be a mdsy biregular-bipartite graph. If o = \/(ql +1)(g2 +1) and

the Q-spectrum is {\},--- , X\ }q, then

where e 1s the number of edges.

Proof. Using the notation in Theorem 3.3.3, we have that d; equals ¢; +1 or g2 + 1 and d;
equals ¢; + 1 or g» + 1. Since 7 is a biregular-bipartite graph, we have that d; and d; cannot

both be equal to ¢; + 1 and both cannot be equal to g3 + 1. So using Theorem 3.3.3, we have

Solving for e, we have e = 202> " (A*)? as desired. |

Using our discussion of ()-spectrum, we can now prove that the spectrum of a biregular-

bipartite graph determines the graph.

Theorem 3.3.5. Let v and ' be bireqular-bipartite graphs. If Spec(y) = Spec(y'), then

graph v and graph ~' are isomorphic.
Proof. We know that graph + and graph " have the same number of vertices and the same

largest eigenvalue. So we have that

(3.8) ny + ng = ny + ny

33



and

(3.9) (@ + 1@+ 1) = (q + 1) (g + 1).

Using Theorem 3.3.2 and Corollary 3.3.4, we have that if Spec(y)=Spec(y'), then ¢ = €.
So,

(3.10) ni(q + 1) = na(ge + 1) = ni(q; + 1) = ny(gy + 1)

It follows from Equation 3.9 and Equation 3.10 that

/

!

Solving this equation for n; and substituting it into Equation 3.8, we have

/ /

ny(ny — ng) = na(ny — ny).
So, n; = ny or n, = ny. Either way, by Equation 3.10, we can conclude that graph v and
graph 7/ are isomorphic. [ |

Theorem 3.3.6. If v and v are biregular-bipartite md, graphs, then graph ~ and graph ~'

have equal zeta functions if and only if the graphs have the same spectrum.

Proof. The result follows from Theorem 3.3.1 and Theorem 3.3.5. [ |
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Chapter 4

Open Problems

In Section 2.1, we discussed several properties of the zeta function of a graph that are encoded
in the coefficients of the inverse zeta function. However, we only used the coefficient of u
and u?¢ to make our arguments. For a general graph, what information is encoded in the
other coefficients? More specifically, what information is encoded in the coefficients of a
specialized graph like a loop-less graph?

Figure 2.1 shows that the zeta function of a graph does not determine the number of
vertices or the number of components in the graph. Can additional counterexamples be
found? Are there subsets of graphs besides regular graphs and biregular-bipartite graphs
where the zeta function does determine the number of vertices or the number of components?

Figure 2.1 is also an example of two graphs that have the same zeta function, but do
not have the same vertex degrees since graph +' has a vertex of degree four and graph ~
does not. However, both graphs have minimal degree of two and maximal degree of ten. Do
two graphs with the same zeta function always have the same minimal degree and maximal
degree?

In Chapter 2, we showed that if two graphs have the same zeta function and one of the

two graphs is loop-less or has only one vertex, then the other graph must also have this
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property. Are there any other subsets of graphs beside loop-less graphs and graphs with one
vertex where having one graph in the subset requires any other graph with the same zeta
function to also be in the subset?

In Chapter 3, we showed a strong relationship between the zeta function of a graph
and the spectrum of the graph for regular and biregular-bipartite graphs. In both cases,
we assumed that the two graphs with the same zeta function or spectrum were both either
regular or biregular-bipartite. Can two graphs have the same zeta function where one is
regular and the other is not regular? Similarly, can two graphs have the same zeta function

where one is biregular-bipartite and the other is not biregular bipartite?
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Appendix: Select MAGMA Programs

The following MAGMA code creates and stores the adjacency matrices and zeta functions
of all graphs with ¢ edges and three vertices. Then the program systematically creates a
graph with ¢ edges and five vertices and compares its zeta function to the list of the zeta
functions from the graphs with three vertices. If a match occurs, the program outputs the
adjacency matrix of the graph with three vertices and the adjacency matrix of the graph

with five vetices. Figure 2.1 is an example of its output.

ZZ<u>:=PolynomialRing(Integers());
for i in [3..15] do

A2:=[xx];

Zeta2:=[*x];

count2:=0;

count4:=0;

for a in [0..i] do

for b in [0..i-a] do

for ¢ in [0..i-a-b] do

for d in [0..i-a-b-c] do
for e in [0..i-a-b-c-d] do
for f in [0..i-a-b-c-d-e] do

if atbt+c+d+te+f eq i and 2*at+b+c ge 2 and b+2xd+e ge 2
and c+e+2*f ge 2 then
I:=DiagonalMatrix([1,1,1]);
Q:=DiagonalMatrix([2*a+b+c-1,b+2*d+e-1,c+e+2*f-1]);
AA:=SymmetricMatrix([2*a,b,2*d,c,e,2*f]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-3) *Determinant (I-AA*xu+Q*u~2*I)) ;
iii:=1;
while iii le count2 do
if Zeta2[iiil eq ZZZ then
iii:=count2+4;
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else
iii:=iii+1;

end if;

end while;

if iii eq count2+1 then
Append (TA2,AA);
Append ("Zeta2,27ZZ) ;
count2:=count2+1;

end if;

end if;
end for;
end for;
end for;
end for;
end for;
end for;
for a in [0..i] do
for b in [0..i-a] do
for ¢ in [0..i-a-b] do
for d in [0..i-a-b-c] do
for e in [0..i-a-b-c-d] do
for £ in [a..i-a-b-c-d-e] do
for g in [0..i-a-b-c-d-e-f] do
for h in [0..i-a-b-c-d-e-f-g] do
for j in [0..i-a-b-c-d-e-f-g-h] do
for k in [a..i-a-b-c-d-e-f-g-h-j] do
for 1 in [0..i-a-b-c-d-e-f-g-h-j-k] do
for m in [0..i-a-b-c-d-e-f-g-h-j-k-1] do
for n in [a..i-a-b-c-d-e-f-g-h-j-k-1-m] do
for p in [0..i-a-b-c-d-e-f-g-h-j-k-1-m-n] do
for q in [a..i-a-b-c-d-e-f-g-h-j-k-1-m-n-p] do

if a+b+c+d+e+f+g+h+j+k+1l+m+n+p+q eq i then

if 2*a+b+c+d+e ge 2 then

if b+2*f+g+h+j ge 2 then

if c+g+2xk+l+m ge 2 then

if d+h+1+2*n+p ge 2 then

if e+j+m+p+2*q ge 2 then
I:=DiagonalMatrix([1,1,1,1,1]);
Q:=DiagonalMatrix([2*a+b+c+d+e-1,b+2*f+g+h+j-1,
ctg+2¥k+1l+m-1,d+h+1+2*n+p-1,e+j+m+p+2xq-1]) ;
AA:=SymmetricMatrix([2*a,b,2*f,c,g,2*%k,d,h,1,2%n,e,j,m,p,2*ql);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-5) *Determinant (I-AA*u+Q*u~2*I)) ;
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ii:=1;
while ii le count2 do
if Zeta2[ii] eq ZZZ then
AA;
print"";
A2[ii];
print"";
print"";
ii:=count2+4;
else
ii:=ii+1;
end if;
end while;
end if;
end if;
end if;
end if;
end if;
end if;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
end for;

The following MAGMA code creates the adjacency matrix of each graphs with ¢ edges
and up to six vertices. It find and outputs the adjacency matrices of any two graphs that have
the same zeta function and different characteristic polynomials. Figure 3.1 is an example of

its output.
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ZZ<u>:=PolynomialRing(Integers());
for i in [1..10] do
A:=[*x];
Zeta:=[*x];
Char:=[*%];
count:=0;
for a in [0..i] do
for b in [0..i] do
for ¢ in [0..i] do
if atb+c eq i and 2*atb ge 2 and b+2*c ge 2 then
I:=DiagonalMatrix([1,1]);
Q:=DiagonalMatrix([2*a+b-1,b+2%c-1]);
AA:=SymmetricMatrix([2*a,b,2xc]);
ZZZ:=Polynomial (ZZ, (1-u~2) ~(i-2)*Determinant (I-AA*u+Q*u~2xI)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetal[ii] eq ZZZ then
if Char[ii] ne Ch then

AA;
A[ii];
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+1l then
Append (TA,AA);
Append (“Zeta,ZZZ) ;
Append (“Char,Ch) ;
count :=count+1;
end if;
end if;
for d in [0..i] do
for e in [0..i] do
for £ in [0..i] do
if at+b+ct+d+e+f eq i and 2*a+b+c ge 2 and b+2xd+e ge 2
and ct+e+2*f ge 2 then
I:=DiagonalMatrix([1,1,1]);
Q:=DiagonalMatrix([2*a+b+c-1,b+2*d+e-1,cte+2*f-1]);
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AA:=SymmetricMatrix([2*a,b,2*d,c,e,2*%f]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-3)*Determinant (I-AA*u+Q*u~2%I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

AA;
Aliil;
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+1 then
Append (~A,AA);
Append (“Zeta,ZZZ) ;
Append (“Char,Ch) ;
count:=counti;
end if;
end if;
for g in [0..i] do
for h in [0..i] do
for j in [0..i] do
for k in [0..i] do
if atbt+c+d+e+f+g+h+j+k eq i and 2*at+b+c+d ge 2 and
b+2*e+f+g ge 2 and c+f+2*h+j ge 2 and d+g+j+2*k ge 2 then
I:=DiagonalMatrix([1,1,1,1]);
Q:=DiagonalMatrix([2*a+b+c+d-1,b+2%e+f+g-1,
c+f+2*h+j-1,d+g+j+2¥k-1]) ;
AA:=SymmetricMatrix([2*a,b,2*e,c,f,2*%h,d,g,]j,2*%k]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-4)*Determinant (I-AA*u+Q*u~2*I));
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then
AA;
Alii];
else
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for
for
for
for
for

Qo B B OH

end
in
in
in
in
in

if

if

ii:=count+4;

end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append ("A,AA) ;
Append (~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;

end if;
if;
[0..i] do
[0..i] do
[0..i] do
[0..i] do
[0..i] do

atb+c+d+te+f+g+h+j+k+1l+m+n+p+q eq i then
2*atbtc+tdte ge 2 then

if b+2*f+g+h+j ge 2 then

if

c+g+2*k+1+m ge 2 then

if d+h+1+2*n+p ge 2 then

if

etj+m+p+2*q ge 2 then
I:=DiagonalMatrix([1,1,1,1,1]);
Q:=DiagonalMatrix([2*a+b+c+d+e-1,b+2*f+g+h+j-1,c+g+2xk+1+m-1,
d+h+1+2%n+p-1,e+j+m+p+2%q-1]) ;
AA:=SymmetricMatrix([2*a,b,2*f,c,g,2%k,d,h,1,2%n,e,j,m,p,2%ql);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-5) *Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do

if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

AA;
Aliil;
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
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end while;

if ii eq count+1 then
Append (TA,AA);
Append (“Zeta,ZZZ) ;
Append (“Char,Ch) ;
count :=count+1;

end if;

end if;

end if;

end if;

end if;

end if;

end if;
for r in [0..i] do
for s in [0..i] do
for t in [0..i] do
for y in [0..i] do
for v in [0..i] do
for w in [0..i] do

if at+b+ct+d+e+f+g+h+j+k+1l+m+n+p+q+r+s+t+y+v+w eq i then
if 2*at+b+c+d+e+f ge 2 then

if b+2*g+h+j+k+l ge 2 then
if c+h+2*m+n+p+q ge 2 then
if d+j+n+2*xr+s+t ge 2 then
if etk+pt+s+2*y+v ge 2 then

if f+l+q+t+v+2xw ge 2 then
I:=DiagonalMatrix([1,1,1,1,1,1]);
Q:=DiagonalMatrix([2*a+b+c+d+e+f-1,b+2*%g+h+j+k+1-1,
cth+2*m+n+p+q-1,d+j+n+2*r+s+t-1,e+tk+p+s+2xy+v-1,f+1+q+t+v+2*w-1]);
AA:=SymmetricMatrix([2*a,b,2*g,c,h,2*m,d,j,n,2*r,e,k,p,s,
2xy,f,1,q,t,v,2%w]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-6)*Determinant (I-AA*u+Q*u~2*I));
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetalii] eq ZZZ then
if Char[ii] ne Ch then

AA;

Alii]l;
else

ii:=count+4;
end if;
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end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end
end

end

end

end

end

end

end

end
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
for;

else
ii:=ii+1;

end if;

end while;

if ii eq count+l then
Append ("A,AA) ;
Append (~Zeta,ZZZ) ;
Append (“Char,Ch) ;
count :=count+1;

end if;

if;

if;

if;

if;

if;

if;

if;
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The following MAGMA code finds non-isomorphic, regular graphs with three vertices

that have the same zeta function. The program creates the adjacency matrix and computes

the zeta function of each regular graph with ¢ edges and three vertices. If two non-isomorphic

graphs have the same zeta function, then the program outputs the adjacency matrices of the

two graphs. The two graphs in Figure 3.4 are the smallest such example.

ZZ<u>:=PolynomialRing(Integers()) ;

for i in [1..18] do

A:=[*x];
Zeta:=[*x];
count:=0;
for a in [0.
for b in [O.
for ¢ in [O.
for d in [O.
for e in [0.
for £ in

P1

P2:
P3:

P4

P5:

ii

.i] do
.i-a] do

.i-a-b] do

.i-a-b-c] do

.i-a-b-c-d] do

[0..i-a-b-c-d-e] do

if at+b+c+d+e+f eq i and 2*a+b+c ge 2 and b+2xd+e ge 2 and ct+e+2*f ge 2
and 2*atb+c eq b+2xd+e and b+2*d+e eq ct+e+2xf then
I:=DiagonalMatrix([1,1,1]);
Q:=DiagonalMatrix([2*a+b+c-1,b+2*d+e-1,cte+2*xf-1]);
AA:=SymmetricMatrix([2*a,b,2*d,c,e,2*f]);

ZZZ:=Polynomial (ZZ, (1-u~2)~(i-3) *Determinant (I-AA*u+Q*u~2*I)) ;
:=Matrix(3,[1,0,0,0,0,1,0,1,01);

:=Matrix(3,[0,0
=Matrix (3, [0,0,

:=1;

=Matrix(3,[0,1,0

=Matrix(3,[0,1,0,
1
1

1,0,0,0,0,11);
0,0,1,1,0,01);
,1,0,0,0,1,01);
,0,1,0,1,0,01);

b I 3 J

b

b b 2 b

while ii le count do
if Zetal[ii] eq ZZZ then

if A[ii] ne P1xAA*P1~(-1) and A[ii] ne P2xAAx(P2)~(-1)
and A[ii] ne P3*AA*x(P3)~(-1) and A[ii] ne P4xAA*x(P4)~(-1)
and A[ii] ne P5*AAx(P5)~(-1) then

AA;

print" ",

Al[ii];

print"”;
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print"";
ii:=count+4;
else
ii:=ii+1;
end if;
else
ii:=ii+1;
end if;
end while;
if ii eq count+l then
Append (TA,AA);
Append (~Zeta,ZZZ) ;
count:=count+1;
end if;
end if;
end for;
end for;
end for;
end for;
end for;
end for;
end for;

The following MAGMA code creates the adjacency matrix of each bipartite graph with ¢
edges and up to eight vertices. It outputs the adjacency matrices of any two bipartite graphs
that have the same zeta function and different characteristic polynomials. Figure 3.5 is an

example of its output.

ZZ<u>:=PolynomialRing(Integers());
for i in [3..15] do
i;
A:=[*x];
Zeta:=[*%*];
Char:=[*%];
count:=0;
for a in [0..i] do
if a eq i and a ge 2 then
I:=DiagonalMatrix([1,1]);
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Q:=DiagonalMatrix([a-1,a-1]);
AA:=SymmetricMatrix([0,a,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-2) *Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA) ;
ii:=1;
while ii le count do

if Zetaliil eq ZZZ then

if Char[ii] ne Ch then

print"";
AA;
Alii];
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append(TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
for b in [0..i-a] do
for ¢ in [0..i-a-b] do
for d in [0..i-a-b-c] do
if atb+c+d eq i and atc ge 2 and b+d ge 2 and c+d ge 2 and
atb ge 2 and at+c eq b+d and at+b eq c+d then
I:=DiagonalMatrix([1,1,1,1]);
Q:=DiagonalMatrix([a+c-1,b+d-1,a+b-1,c+d-1]);
AA:=SymmetricMatrix([0,0,0,a,b,0,c,d,0,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-4)*Determinant (I-AA*u+Q*u~2%I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then
print"";
AA;
Alii];
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else
ii:=count+4;

end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append (TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
for e in [0..i-a-b-c-d] do
for £ in [0..i-a-b-c-d-e] do
if atb+ctd+e+f eq i and at+d ge 2 and bte ge 2 and c+f ge 2
and atb+c ge 2 and d+e+f ge 2 and atd eq bte and
a+d eq c+f and atb+c eq d+e+f then
I:=DiagonalMatrix([1,1,1,1,11);
Q:=DiagonalMatrix([a+d-1,b+te-1,c+f-1,a+b+c-1,d+e+f-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,a,b,c,0,d,e,f,0,0]);
ZZZ:=Polynomial(ZZ, (1-u~2)~(i-5)*Determinant (I-AAxu+Q*u~2*I));
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Aliil;
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+1 then
Append (~A,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
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count:=count+1;
end if;
end if;
for g in [0..i-a-b-c-d-e-f] do
for h in [0..i-a-b-c-d-e-f-g] do
if at+b+c+d+e+f+g+h eq i and ate ge 2 and b+f ge 2 and c+g ge 2
and d+h ge 2 and atb+c+d ge 2 and e+f+g+h ge 2 and ate eq c+g
and ate eq b+f and ate eq d+h and at+b+c+d eq e+f+g+h then
I:=DiagonalMatrix([1,1,1,1,1,1]);
Q:=DiagonalMatrix([ate-1,b+f-1,c+g-1,d+h-1, atb+c+d-1,
et+f+g+h-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,a,b,c,d,0,
e,f,g,h,0,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-6)*Determinant (I-AA*u+Q*u~2*I));
Ch:=CharacteristicPolynomial (AA) ;
ii:=1;
while ii le count do
if Zetal[ii] eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Alii];
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append (TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
for j in [0..i] do
if at+b+c+d+e+f+g+h+j eq i and a+d+g ge 2 and b+e+h ge 2 and
c+tf+j ge 2 and atb+c ge 2 and d+e+f ge 2 and j+g+h ge 2 and
atd+g eq btet+h and atd+g eq c+f+j and atb+c eq d+e+f and
atb+c eq g+h+j then
I:=DiagonalMatrix([1,1,1,1,1,1]);
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Q:=DiagonalMatrix([a+d+g-1,b+e+th-1,c+f+j-1,a+b+c-1,
d+e+f-1, j+g+h-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,a,b,c,0,d,e,f,0,0,
g,h,j,0,0,00);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-6) *Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetalii] eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Alii]l;
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append (A, AA) ;
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
for k in [0..i-a-b-c-d-e-f-g-h-j] do
if at+b+ct+d+e+f+g+h+j+k eq i and a+f ge 2 and b+g ge 2 and c+h ge 2
and d+j ge 2 and etk ge 2 and atb+ctd+te ge 2 and f+gt+h+jt+k ge 2
and a+f eq b+g and at+f eq c+h and a+f eq d+j and at+f eq etk and
atb+c+d+e eq f+g+h+j+k then
I:=DiagonalMatrix([1,1,1,1,1,1,1]);
Q:=DiagonalMatrix([a+f-1,b+g-1,c+h-1,d+j-1,e+k-1, atb+ctdte-1,
f+g+h+j+k-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,a,b,c,d,e,0,
f,g,h,j,%,0,01);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-7)*Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetal[ii] eq ZZZ then
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if Char[ii] ne Ch then

print"";
AA;
Aliil;
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+1 then
Append (TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
for 1 in [0..i-a-b-c-d-e-f-g-h-j-k] do
for m in [0..i-a-b-c-d-e-f-g-h-j-k-1] do
if at+b+ct+d+e+f+g+h+j+k+1l+m eq i and ate+j ge 2 and b+f+k ge 2 and
c+tg+l ge 2 and d+h+m ge 2 and j+k+l+m ge 2 and at+b+c+d ge 2 and
etf+g+h ge 2 and ate+j eq b+f+k and ate+j eq c+g+l and ate+j eq d+h+m
and atb+c+d eq et+f+gt+h and atb+c+d eq j+k+l+m then
I:=DiagonalMatrix([1,1,1,1,1,1,1]);
Q:=DiagonalMatrix([ate+j-1,b+f+k-1,c+g+l-1,d+h+m-1,a+b+c+d-1,
etf+g+h-1, j+k+l+m-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,a,b,c,d,0,
e,f,g,h,0,0,j,k,1,m,0,0,0]);
ZZZ:=Polynomial(ZZ, (1-u~2)~(i-7)*Determinant (I-AAxu+Q*u~2%I));
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

print"";

AA;

Alii];
else

ii:=count+4;
end if;

else
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ii:=ii+l;
end if;
end while;
if ii eq count+l then
Append (TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
if at+b+ct+d+e+f+g+h+j+k+1l+m eq i and a+g ge 2 and b+h ge 2 and
ctj ge 2 and d+k ge 2 and e+l ge 2 and f+m ge 2 and atb+c+d+e+f ge 2
and gt+h+j+k+1l+m ge 2 and a+g eq b+h and a+g eq e+j and at+g eq d+k
and atg eq e+l and atg eq f+m and atb+c+d+te+f eq gtht+j+k+l+m then
I:=DiagonalMatrix([1,1,1,1,1,1,1,1]);
Q:=DiagonalMatrix([a+g-1,b+h-1,c+j-1,d+k-1,e+1-1, f+m-1,
atb+ct+d+e+f-1, gth+i+j+k+l+m-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
a,b,c,d,e,f,0,g,h,j,k,1,m,0,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-8) *Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetal[ii] eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Alii];
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append(~A,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
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for n in [0..i-a-b-c-d-e-f-g-h-j-k-1-m] do
for p in [0..i-a-b-c-d-e-f-g-h-j-k-1-m-n] do
for q in [0..i-a-b-c-d-e-f-g-h-j-k-1-m-n-p] do
if atbt+ct+d+e+f+g+h+j+k+l+m+n+tp+q eq i then
if a+f+l ge 2 and b+g+m ge 2 and c+h+n ge 2 and atb+c+dte ge 2
and d+j+p ge 2 and e+k+q ge 2 and f+g+h+j+k ge 2 and l+m+n+p+q ge 2
and a+f+l eq b+g+m and a+f+l eq c+h+n and a+f+l eq d+j+p and
a+f+l eq e+k+q and a+b+c+d+e eq f+g+h+j+k and
atb+c+d+e eq l+m+n+p+q then
I:=DiagonalMatrix([1,1,1,1,1,1,1,1]);
Q:=DiagonalMatrix([a+f+1-1,b+g+m-1,c+h+n-1,d+j+p-1,e+k+q-1,
atb+ct+d+e-1,f+g+h+j+k-1,1+m+n+p+q-1]);
AA:=SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
a,b,c,d,e,0,f,g,h,j,k,0,0,1,m,n,p,q,0,0,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-8) *Determinant (I-AA*xu+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA);
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Alii];
else
ii:=count+4;
end if;
else
ii:=ii+l;
end if;
end while;

if ii eq count+l then
Append (A, AA) ;
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;
end if;
end if;
for r in [0..i-a-b-c-d-e-f-g-h-j-k-1-m-n-p-ql do
if atbtct+dt+et+f+g+h+j+k+l+m+n+p+q+r eq i then
if atet+j+n ge 2 and b+f+k+p ge 2 and c+gt+tl+q ge 2 and d+h+m+r ge 2
and atb+c+d ge 2 and e+f+g+h ge 2 and j+k+1l+m ge 2 and
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end
end
end
end
end
end
end
end
end
end

n+p+q+r ge 2 and atet+j+n eq b+f+k+p and ate+j+n eq c+g+l+q and
atetj+n eq d+h+m+r and atb+c+d eq e+f+g+h and
atbtc+d eq e+j+k+l+m and atb+c+d eq n+p+q+r then

I:=DiagonalMatrix([1,1,1,1,1,1,1,1]);
Q:=DiagonalMatrix([ate+j+n-1,b+f+k+p-1,c+g+l+q-1,d+h+m+r-1,
atb+c+d-1,e+f+g+h-1, j+k+l+m-1,n+p+q+r-1]);
AA := SymmetricMatrix([0,0,0,0,0,0,0,0,0,0,a,b,c,d,0,
e,f,g,h,0,0,j,k,1,m,0,0,0,n,p,q,r,0,0,0,0]);
ZZZ:=Polynomial (ZZ, (1-u~2)~(i-8) *Determinant (I-AA*u+Q*u~2*I)) ;
Ch:=CharacteristicPolynomial (AA) ;
ii:=1;
while ii le count do
if Zetaliil eq ZZZ then
if Char[ii] ne Ch then

print"";
AA;
Alii];
else
ii:=count+4;
end if;
else
ii:=ii+1;
end if;
end while;

if ii eq count+l then
Append (TA,AA);
Append(~Zeta,ZZZ) ;
Append (~Char,Ch) ;
count:=count+1;
end if;

end if;
end if;

for;
for;
for;
for;
for;
for;
for;
for;
for;
for;
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end
end
end
end
end
end
end

for;
for;
for;
for;
for;
for;
for;
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