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A List of Notations

V/

Lr(0,T;K)

a bounded domain in R? with smooth boundary
{p € C5°(G)*Divyp = 0}

closure of V in L?(G)?

closure of V in H}(G)?

the dual space of V

orthogonal Leray projection from L?(G)? to H
the trace of the square matrix A.

the transpose of the vector (or matrix) .

inner product in some Hilbert space K.

the duality pairing for space V' and the dual V'
the indicator function of the set A.

the set of all continuous functions ¢: [0,7] — K.

the set of all uniformly bounded, continuous functions on

U, where U is a metric space.

the set of all Lebesgue measurable functions ¢: [0,7] — K

such that fOT lo()|[%dt < oo where p € [1,00).

v



L>(0,T;K)

Lg (€ K)

L (4 K):

L5,(Q LP(0, T5K))

Ly (€ L>=(0,T;K))

L5 C([0, T); K))

the set of all essentially bounded measurable functions ¢:

[0,7] — K.

the set of all K-valued G-measurable random variables X
such that E|| X[k < oo where p € [1,00). Here G is a

o-algebra.

the set of all essentially bounded K-valued G-measurable

random variables.

the set of all {F, }1>0-adapted K-valued processes X (-) such

that B [, [|X (t)||hdt < oc.

the set of all {F,; };>0-adapted K-valued essentially bounded

processes.

the set of all {F;}i>0-adapted K-valued continuous pro-
cesses X () such that Esup,epn|X(t)|k < oo, where p €

[0, 00).



Abstract

There are two parts in this dissertation. The backward stochastic Lorenz system
is studied in the first part. Suitable a priori estimates for adapted solutions of
the backward stochastic Lorenz system are obtained. The existence and unique-
ness of solutions is shown by the use of suitable truncations and approximations.
The continuity of the adapted solutions with respect to the terminal data is also
established.

The backward two-dimensional stochastic Navier-Stokes equations (BSNSEs, for
short) corresponding to incompressible fluid flow in a bounded domain G are stud-
ied in the second part. Suitable a priori estimates for adapted solutions of the
BSNSEs are obtained which reveal a surprising pathwise L>°(H) bound on the
solutions. The existence of solutions is shown by using a monotonicity argument.
Uniqueness is proved by using a novel method that uses finite-dimensional projec-
tions, linearization, and truncations. The continuity of the adapted solutions with

respect to the terminal data and the external body force is also established.

vi



Chapter 1

Introduction

1.1 Lorenz System
The first part of this dissertation focuses on the backward stochastic Lorenz system.
In a celebrated work, Edward N. Lorenz introduced a nonlinear system of ordinary
differential equations describing fluid convection of nonperiodic flows (Lorenz [15]).
The derivation of these equations is from a model of fluid flow within a region of
uniform depth and with higher temperature at the bottom (Rayleigh [23]).
Lorenz introduced three time-dependent variables. The variable X is propor-
tional to the intensity of the convective motion, Y is proportional to the tempera-
ture difference between ascending and descending currents, and Z is proportional
to distortion of the vertical temperature profile from linearity. The model consists

of the following three equations:

;

X =—-—aX+aY

Y= - XZ+bX —Y (1.1.1)

7 =XY —cZ
\

where a is the Prandtl number, b is the temperature difference of the heated layer
and c is related to the size of the fluid cell. The numbers a, b, and c are all positive.

In the past 40 years, ranging from physics (Sparrow [27]) to physiology of the
human brain (Weiss [30]), Lorenz systems have been widely studied in many areas

for a variety of parameter values. Randomness has also been introduced into Lorenz



system and some properties of the forward system have been studied (Schmalfufl
[26] and Keller [11]).
Let (Q, F,{F:}, P) be a complete probability space with the filtration {F;}s>o,

and {W(t)} be a 3-dimensional Wiener process defined on it. Define a matrix A

as follows:
a —a 0
A=1-p 1 0
0 0 ¢

For any y = (%é) and y= (%;) in R?, we define an operator B as follows:
Y3

0
B(y. i) =] s
—Y1Y2
Then the backward stochastic Lorenz system corresponding to equation (1.1.1) is

given by the following terminal value problem:

dY (t) = —(AY (t) + B(Y (£), Y (£)))dt + Z(£)dW (1)
V(T)=¢

for t € [0,7] and £ € L, (Q;R?). The integral form of the backward stochastic

Lorenz system is as follows:

Y(t)=¢ +/t (AY (s) + B(Y (s),Y (s)))ds — /t Z(s)dW(s).

The problem consists in finding a pair of adapted solutions {(Y(¢), Z(t)) }tcpo,1)-
Linear backward stochastic differential equations were introduced by Bismut in
1973 ([1]), and the systematic study of general backward stochastic differential

equations (BSDEs for short) were put forward first by Pardoux and Peng in 1990



([22]). Since the theory of BSDEs is well connected with nonlinear partial differen-
tial equations, nonlinear semigroups and stochastic controls, it has been intensively
studied in the past two decades. There are also various applications of BSDEs in
the theory of mathematical finance. For instance, the hedging and pricing of a
contingent claim can be described as linear BSDEs.

In the present work, since the coefficient B is nonlinear and unbounded, the
existing theory of BSDEs does not apply. To overcome this difficulty, a truncation

of the coefficient and an approximation scheme have been used.

1.2 Navier-Stokes Equations

A major part of this dissertation involves the backward stochastic Navier-Stokes
equations. Let (2, F,{F;}, P) be a stochastic basis satisfying the usual conditions
over which a Hilbert space valued Wiener process {W (t)} with a nuclear covariance
operator () is defined. The two-dimensional stochastic Navier-Stokes system in a

bounded domain G C IR? with no-slip condition is given by

ou+{(u-Vyu—vAu}dt = {-Vp+£(t)}dt+ o(t,u)dW(t)

V-u = 0

with u(t,z) =0 z € G, and u(0,z) = up(z) = € G. Here p denotes pressure, a
real-valued random field, and ug is the initial condition. The solution consists of
(u,p), where u is a two-dimensional random field. It is well-known (as explained
in the next section) that the above system can be written in the abstract evolution

equation setup as

du(t) + {vAu(t) + B(u(t))}dt = £(£)dt + o(t, u(t)) dW (1) (1.2.1)



with u(0) = ug. In this equation the pressure p doesn’t appear. However, it can be
determined from the solution u of (1.2.1) and the no-slip boundary condition. The
backward stochastic Navier-Stokes equation corresponding to the equation (1.2.1)

is given by the following terminal value problem: for 0 <t < T,
du(t) = —vAu(t)dt — B(u(t))dt + £(t)dt + Z(t)dW (t)

u(T) =¢

The above stochastic equation is understood in the integral form:

alt) = € + /t (vAu(s) + Blu(s)) — £(s)}ds — /t Z(s)dW (s)

The problem consists in finding an adapted solution {u(t), Z(¢)} for 0 <t <T.

A backward stochastic Navier-Stokes system can be viewed as an inverse problem
wherein the velocity profile at a time 7T is observed and given, and the noise
coefficient has to be ascertained from the given terminal data. Such a motivation
arises naturally when one understands the importance of inverse problems in partial
differential equations (see J. L. Lions [13], [14]). A systematic study of backward
stochastic differential equations was initiated by Pardoux and Peng, Ma, Protter,
Yong, Zhou, and several other authors. Ma and Yong have studied linear degenerate
backward stochastic differential equations motivated by stochastic control theory.
Later, Hu, Ma and Yong [8] considered the semi-linear equations as well. Backward
stochastic partial differential equations were shown to arise naturally in stochastic
versions of the Black-Scholes formula by Ma and Yong [17]. A nice introduction to
backward stochastic differential equations is presented in the book by Yong and
Zhou [31], with various applications.

In the present work, it is worthwhile to note that the drift coefficient in the

backward stochastic Navier-Stokes equation (BSNSE) is nonlinear and unbounded,



so that the usual methods of proving existence and uniqueness of solutions do not
apply. The drift coefficient is monotone on bounded L*(G) balls in V, which was
first observed by Menaldi and Sritharan [19]. The method of monotonicity is used
in this chapter to prove the existence and uniqueness of solutions to BSNSEs. Much
of the work owes itself to a surprising a priori estimate on SOuYP lu(t)||3; that holds
almost surely. Such an estimate seldom holds for stochastic 1\[12;\f]ier—St0kes equations
that move forward in time. The proof of the uniqueness of solutions is wrought by
establishing the closeness of (a) solutions of finite-dimensional projections of the
BSNSE, (b) solutions of a linearized projected BSNSE, and (c) finite-dimensional
projections of solutions of the BSNSE. Existence and uniqueness of solutions is
shown to hold under the natural square integrability condition E||¢]|%, < oo on

the terminal value . Continuity of the solution with respect to the data at the

terminal time 7" and the external body force f(s) is also established in this article.

1.3 The Organization
The organization of this dissertation is as follows. In chapter 2, some background
knowledge of backward stochastic differential equations is introduced and some
frequently used results are stated.

In chapter 3, the backward stochastic Lorenz system is studied. In section 2,
a priori estimates for the solutions of systems with uniformly bounded terminal
values are obtained and a truncation of the system is introduced. In section 3, we
prove the existence and uniqueness of the solution to the Lorenz system using an
approximation scheme. Section 4 is devoted to the continuity of the solutions with

respect to terminal data.



In chapter 4, backward stochastic Navier-Stokes equations are studied. In section
1, the setup of the problem, the function spaces, and the background results are
presented. The a priori estimates for the solutions are proved in section 2. The
existence of solutions to the backward stochastic Navier-Stokes equations is shown
by the Minty-Browder monotonicity argument in section 3 for bounded terminal
data. In section 4, uniqueness of solutions is proved along with the estimates that
are needed in the proof of uniqueness. The boundedness condition on the terminal
data is relaxed to integrability conditions in section 5. In section 6, the continuity

properties of the solution are studied.



Chapter 2

Backward Stochastic Differential
Equations

2.1 Introduction
Backward stochastic differential equations (BSDEs for short) have received con-
siderable attention in the last two decades. The theory of BSDEs has been greatly
developed because of its natural connections with stochastic partial differential
equations, stochastic controls, mathematical finance, etc.

Let (2, F,{F:}, P) be a complete probability space with the filtration {F;};>o,
and {W(t)} be a standard one-dimensional Brownian motion. An example of a

BSDE is the following:

dY (1) = h(t,Y (), Z(t))dt + Z(t)dW (1)

wheret € [0,T], Y (-)eL%(Q; C([0, T|;R)), Z(-)eL%(; L*(0,T;R)), £ € L%, (4 R),

and
h(t,z,y) : [0, T] x Rx R x Q — R.
The integral form of this BSDE is
T T
Y (t) 25—/ h(s,Y(s),Z(s))ds—/ Z(s)dW (s)
¢ t

A BSDE can not be considered as a time-reversing transformation of an initial
valued problem. Since all the integrals are in the sense of Ito type stochastic cal-

culus, simply reversing the time would destroy the adaptedness. So the solution of



a BSDE turns out to be a pair of adapted processes (Y (+), Z(+)), i.e., Z(-) is also
unknown and it is used to correct the nonadaptedness caused by the backward

nature of the problem and the terminal value £.

Definition 2.1.1. A pair of processes (Y (t), Z(t)) € M0, T] is called an adapted

solution of the above BSDE if the following holds:

V() =¢— /t h(s, Y (s), Z(s))ds — /t Z(s)dW (s) Vi € [0,T], P-as.

Here

M0, T] = L2(C([0, T} R)) x L2(%; L0, T; R))
and it is equipped with the norm

2dt}:.

VO ZC) Lo = (B sup VOP)+E [ 1200

2.2 Backward Gronwall’s Inequality

Let us first introduce the forward Gronwall inequality.

Proposition 2.2.1. Suppose that g(t), a(t), B(t) and y(t) are integrable functions,

and B(t),v(t) >0 . For 0 < s <t, if

o) < a0+ 00) [+l (2.2.1)

then
o(t) < alt) + A(2) / a(n)y(n)eh SO gy

In particular, if a(t) = «, B(t) = B and y(t) = 1, then
g(t) < ae®t=?

Proof:

d/ _q !
£<e Js ﬁ(p)'y(p)dp/ ”y(p)g(p)dp>



t
= —B(t)y(t)e J: Alontelde / Y(p)g(p)dp + e~ I PN Oldry ()4 (1)

= (e F 20 [gfe) — 5(0) [ (p)ale)dp)

a(t)y(t)e S 0 @dp by (2.2 1),

IN

Thus
t t
e Js ﬂ(p)v(p)dp/ y(p)g(p)dpg/ 04(77)7(77)6_f‘“ Blor(e)de gy,
and

t t
/ Y(p)g(p)dp < e/: mp)y(p)dp/ a(n)y(n)e™ Js B0 gy

Hence from (2.2.1) we get
t
g(t) < al(t) + B(t)els Plehiedr / a(n)y(n)e= 5 Berede gy,

= a(t) + B(t) / to‘(n)v(n)eﬁ olere)e gy,

Another more general version of Gronwall’s inequality is given below.

Proposition 2.2.2. Let u be a Borel measure on [0,00), let € > 0, and let f be a

Borel measurable function that is bounded on bounded intervals and satisfies

0< f(t) <e+ f(s)u(ds), t > 0. (2.2.2)
[0,¢)

Then

ft) < ee® > 0.
In particular, if M > 0 and
t
0< f(t) < e—i-M/ f(s)ds, t >0,
0

then

ft) < e t>0.



Proof:

Iteration of (2.2.2) with itself gives

ft)

< / / / p(dsg) -« - p(dsg)p(dsy)
0,¢t) J[0,s1) [0,8%— 1)

= e+ezk|( [0,2))"

k=1

—  eetlOt)

Now let us discuss Gronwall’s inequality for backward differential equations.

Proposition 2.2.3. Suppose that g(t), a(t), B(t) and y(t) are integrable functions,

and B(t),~

then

() >0. For0<t<T,if

g(t) < alt) + B(1) / (p)gp)dp (2.2.3)

g(t) < alt) + A1) / a(n)y(m)ehs Pon e gy,

In particular, if a(t) = «, B(t) = B and y(t) = 1, then

Proof:

Thus

>

—€

g(t) < a2 — 77

i( — I Blon (o /t Tv(p)g(p)dp>

B(en e &0 [ s(p)g(p)dp — e I A0 t)g(e

e &m0 )+ 5(0) [ Aplato)dp

—a(t)y(t)e i B 1y (2.23),

T T T T
-k ﬁ(p)v(p)dp/ v(p)g(p)dp > _/ a(n)y(n)e” Iy BN ) gy
t t

10



and
T r . T . .
/ Y(p)g(p)dp < el Honteie / a(n)y(n)e b POnee gy,
t t

Hence from (2.2.3) we get

T T
g(t) < a(t) + B(t)eld St / a(n)y(n)e I AN e)e gy

T t
= al)+6(t) [ alnme Oy

2.3 The Backward It6 Formula

A very useful tool is the backward version of the Ito6 formula. We will first state

the one-dimensional Itd formula.

Proposition 2.3.1. (/20]) Let X (t) be an Ito process given by
dX(t) = a(t, X(t))dt + b(t, X (t))dW (1)

where a is Fi-adapted and integrable, and b is Fi-adapted and square integrable.

Let f(t,x) € C*([0,00) x R). Then

df (¢, X () =[f1(t, X (1)) + a(t, X () f(t, X (1)) + %fé’(t, X ()0 (t, X (t)]dt

+ f3(t, X ())b(t, X (£))dW (2),
or, in integral form,
F6X(0) - ﬂﬂX@»—[Tﬂ@X@»+ﬁ@X@M@X@»
b Fs, X () (s, X s / Fi(5, X (5))b(s, X ())dW (s).

Remark 2.3.2. The It6 formula in the usual sense is as follows:

ft,X(1) = f(OvX(O))+/Ot[f{(8,X(8))+f£(8>X(8))a(S,X(S))

11



+%f§'(5,X(S))bz(st(S))]dS+/O f3(s, X (s))b(s, X (s))dW (s).

Now let us state the n-dimensional 1t6 formula.

Proposition 2.3.3. (/20]) Let X(t) be an n-dimensional Ité process given by

dX (1) = a(t, X (£))dt + b(t, X (£))dW (1),

X1(t) a1(t,X(t)) Wi (t)
where X(t) =| : |, a(t,X(1)) = : , W(t) = : , and
Xn(t) an(t,X(t)) W (t)

bia(t, X(t)) -+ bin(t, X (1))
b(t, X(t)) =

b1 (t, X(t)) -+ bpm(t, X(1))
where m is any natural number. We also assume that a is Fi-adapted and inte-
grable, and b is Fi-adapted and square integrable. Let f(t,x) = (f1(t,z), -, fp(t,x))
be a C? map from [0, 00) xR™ into RP. Then the process f(t, X (t)) is a p-dimensional
Ito process, whose k-th component is given by

it X0) =i, X))~ [ XD, > [ OOy,

t

_ %Z deide.

T 8$ixj
?]

2.4 Some General Results on Backward
Stochastic Differential Equations

2.4.1 Linear Backward Stochastic Differential Equations
Theorem 2.4.1. (Yong and Zhou [31]) Let A(-), B1(+), ..., Bn(-) € L(2; L>=(0, T}
R¥*F)). Then, for any f € L3(Q; L*(0,T;R¥)) and & € L% (Q;RF), the following

12



backward stochastic differential equation,
(

dY (t) = {A(t)Y(t) + i B;(t)Z;(t) + f(t)}dt

+Z(t)dW (t), t € [0,T], (2.4.1)

admits a unique adapted solution (Y (-), Z(+)) in the space L%(2; C([0,T];RF)) x

LZ(Q; L2(0, T; R*™)), and there exists a constant K > 0 such that

te[0,7

E(sup [Y(1)]?) +ZE/U | Z;(t)|2dt
gK{E|§|2+E/O |f(t)|2dt}. (2.4.2)

Proof: We first consider two SDEs for R¥*¥-valued processes:

/

A () = {A(t)cp(t) + i Bj(t)Bj(t)CI)(t)}dt

+3 Bi(H ()W (1), (2.4.3)

dU(t) = —W(t)A(t)dt — Xm: B;(t)W(t)dW(t),
i=1 (2.4.4)

v(0) = 1.
Since (2.4.3) and (2.4.4) are usual linear SDEs with bounded coefficients, they
admit unique strong solutions ®(¢) and W(t), which are {F;};>o-adapted. Now by

the 1t6 formula,



Since we have ®(0) = ¥(0) = I, we must have
V() ' =), Vtelo,T], P-as. (2.4.6)

Next, we suppose (Y(-), Z(-)) is an adapted solution of (2.4.1). Applying the Itd

formula to ¥(¢)Y (¢), we have

+W()[ABY () + ZB ()Z;(t) + f(t)]dt (2.4.7)

Thus,

= 9+/0 U(s)f(s)ds (2.4.8)

where

0= W(T)E — U(s)f(s)ds. (2.4.9)



Taking F(-|F;) on both sides of (2.4.8), we get
V()Y (t) = /t U(s)f(s)ds+ E(0|F), t € 10,77 (2.4.10)
0

Note that the right-hand side of (2.4.10) depends only on & and f(-).

From (2.4.10), we see that one should define

Y(t) = (I)(t){/ot U(s)f(s)ds + E(em)}, te[0,7], (2.4.11)

with ®(-) and W(-) being the solutions of (2.4.3) and (2.4.4), respectively, and 6
being defined by (2.4.9). We now prove that the Y(-) defined by (2.4.11) together
with some Z(-) will be an adapted solution of (2.4.1).

First of all, by (2.4.11) and (2.4.9), we have

Y(T) = (I)(T){/O U(s)f(s)ds + e} = O(T)U(T)E = €. (2.4.12)

Next, since F(0|F;) is a square-integrable martingale, by the martingale represen-
tation theorem we can find a unique n = (11, ..., mm) € L%(Q; L*(0, T; R**™)) such

that
E(6|F) = E6 + il /0 pedWi(s), e 0.T), Pas  (2413)
Hence it follows from (2.;.11) and (2.4.13) that
vio = [ s+ i [ ntsaw o)+ £0},
2 d(t)r(t), t€0,7], (2.4.14)

Applying It6 formula, we obtain

15



+ f: O(t)n; ()dW (t) + Y B (£)®(t)n; (t)dt (2.4.15)

j=1 j=1

—{AOY (1) + 3 BOBOY (1) + Sty (1)] + F(2) e

[B;(£)Y () + ®(t)n; (1) W (t).

_I_
11:

Therefore, by setting Z(-) = (Z1(-), ..., Zn(+)) with

7

J

(t) £ B;(t)Y (t) + ®(t)n;(t), t€[0,T], P-as., 1 <j<m, (2.4.16)

and using (2.4.12) and (2.4.15), we conclude that (Y (-), Z(-)) € L2°°(Q; L*(0, T; R¥)) x
L2100 L2(0, T; R¥™)) satisfy (2.4.1).
Next we show that in fact (Y'(-), Z(-)) € L%(Q; C([0, T]; R*) x LL(Q; L*(0, T; R*>™)).

Now for each n we define an {F};>¢-stopping time
t
7o = inf{t > 0: / |Z(s)|?ds > n} AT.
0

It is clear that 7, increases to T P-a.s. as n — oo. Applying It6’s formula to

Y (t A 7,)|?, we obtain

m

TNy
EW®W+E£ S 12(5)|ds
j=1

= ElY(T AT,

- 2E/0 " (Y(s), A(s)Y (s) + Z B;(s)Z;(s) + f(s))ds (2.4.17)

j=1

SEwwAmW+K§A7QW@P+W$mw

m

1 TNATn )
+§E/O ;wj(s)\ ds.

16



for some constant K. Hence,

m TNTn

ZE/OTW |Z;(s)|?ds < K{E\Y(T AP+ E/O yf(s)Pds}. (2.4.18)

Letting n — oo and using Fatou’s lemma, we conclude that

ZE/ s)|ds < K{E!£\2+E/ s)| ds} (2.4.19)

This shows that Z(-)€L%($; L*(0, T; R**™)).

We now prove Y (-)eL%(Q2; C([0, T]; R¥)). From (2.4.15) and (2.4.12), we obtain

=£— / s)ds —/ Z(s)dW (s), t 10,77, (2.4.20)

for some h(-) € L%($); L*(0, T; R¥)). Thus, by Biirkholder-Davis-Gundy’s inequality

and Doob’s inequality, we have

(£ e Y01})’
<(eigyt+ (5[ |h<s>|ds}2)é
+ (E‘/OT Z(s)dW(s Eé%;;]‘/
<(B|¢]?)3 +ﬁ(E/O |h(s)|2ds>§+3 E/O |Z(s)|2ds>% < .

w\»—t

This implies Y(-) € L%(Q; C([0, T]; R¥)), and therefore (Y (+), Z(+)) is an adapted
solution of (2.4.1). Combined with (2.4.19), we obtain the estimate (2.4.2). The

uniqueness follows, as the equation is linear.

2.4.2 Nonlinear Backward Stochastic Differential
Equations

For the rest of this section, we assume the following.
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For any (y,2) € R¥ x R¥*™ R(t,y,2) : [0,T] x RF x RF*™ x Q — R¥ is {F;}is0-
adapted with h(-,0,0)€ L%(2; L?(0, T; R¥)). Moreover, there exists an L > 0, such
that

h(t,y, 2) = h(t, 5, 2)] < L{ly — gl + |2 — 2[}
vt €10,T], y,y€ R* and z,z € R¥™ P-as.
Theorem 2.4.2. (Yong and Zhou [31]) Under the previous assumption, for any

gwen €L (Q;R¥), the BSDE

dY (t) = h(t, Y (t), Z(t))dt + Z@)dW (), t€[0,T), as.
(2.4.21)

admits a unique adapted solution (Y (-), Z(-))eM|[0,T].

Proof: For any fixed (y(-), 2(-)) € M0, T}, it follows from the previous assump-
tion that

Be) = hi- (), 2()) € L3 L(0, T RY)). (2.4.22)

Consider the following BSDE:

dY (t) = h(t,y(t), 2(t))dt + Z()dW (1), te[0,T), as.
(2.4.23)

Y(T) =¢.

This is a linear BSDE. By Theorem 2.4.1, it admits a unique adapted solution
(Y(-), Z(-))eMp[0,T]. Hence, we can define an operator 7 : Mg[0,T] — My[0, T
by (y,z) — (Y, Z) via the BSDE (2.4.23). We are going to prove that for some

B> 0and Y(y,2), (7, z) € Mgl0,T],
- 1 o
”7’(’3/, Z) - T(yv Z)HMB[QT] < §H(yv Z) - (y’ Z)”MB[O,T}' (2'4'24)

18



This means that 7 is a contraction mapping on the Banach space Mg[0,T]. Then
we can use the contraction mapping theorem to claim the existence and uniqueness
of the fixed point of 7, which is the unique adapted solution of (2.4.21).

To prove (2.4.24), take any (y(-), 2(+)), ((-), 2(:))€ M]0,T], and let

Y(),Z() =7(y,2), (Y (), Z()) = 7(5, 2).

Define

() 2 y(t) — g(t), 2(t) 2 2(t) — (1), (2.4.25)

h(t) £ h(t,y(t), z(t)) — h(t,5(t), 2(¢)).

Let 8 > 0 be undetermined. Applying the It6 formula to [Y (£)[22%, we have

\

[V ()2 + /t ' | Z(s)|2e*Pds

- [ A+ 2076, s

_ /t " 905 (7 (5). 2(s)dWV (s)

</ LSBT+ 2L ) + s (2420
- [ e, 20w e)
/ (=204 2P (R 4 M) + 2(5) e ds

= [ 2, 2w

t

)\AQL

where we take 5

> (. Then the above implies

T
]Y(t)\262ﬁt+/ | Z(s)]2e*ds
t

<MT + 1){ sup (|9(t)[2e*) +/0 |2(s) 2?7 ds} (2.4.27)

t€[0,7]
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_ / 2627°(Y (s), Z(s)dW (s)).

By taking the expectation, one obtains

T
E{|Y (t)*e*” +/ |Z(s)Pe*ds} < XT + D@, 2) I 017 (2.4.28)
t

On the other hand, by the Biirkholder-Davis-Gundy inequality, we have
T
E{sup | [ e*(Y(s),Z(s)dW(s))}

<E| / Y (5), Z(5)aW (5)

+ E{ sup | 25507(8),ZA(S)dW(S)H}

o<t<T Jo

<2FE{ sup | wsd/( ),Z(S)dW(Sm}

0<t<T

<KE{/ $)[2|Z(s)|?e*Pds) 2 (2.4.29)

<KE{( sup (IV()]2e2%)) ¥ / 12(s)|2e*ds)})

0<t<T

1 . r
<—E(sup ([Y(t)]*e*")) +K2E/ 1Z(s)]|*e***ds
0

0<t<T

1 > s
<< E(sup ([Y()Pe*™)) + K*XT + DI, 23,017

0<t<T
Consequently, from (2.4.27), we obtain

E( sup (|Y(t)[*e*™))

0<t<T
<MT + D@, 23,011

+2E{sup | [ €5(ZT(s)Y(s),dW (s))|} (2.4.30)

0<t<T t

—_

<5E( sup (Y (1)) + (1 4+ 2K*)MT + DI, 2) 3, 0.17-
0<t<T

Combining (2.4.28) and (2.4.30), we get

A 2B+ 4K*)(T +1)L* .
1Y, ) js0m) < 3 163, 2) 5 0.7)- (2.4.31)
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Then we can choose 3 > 0 large enough to get the contractivity of the operator 7
on M0, T'], which in turn implies the existence and the uniqueness of the adapted

solution to (2.4.21). O
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Chapter 3

An Example: Lorenz System

3.1 Introduction

Lorenz original derivation of the equations

(

X =—aX +aY

Y=-XZ+bX-Y

\Z:XY—CZ

are from a model for fluid flow of the atmosphere: a two-dimensional fluid cell is
warmed from below and cooled from above and the resulting convective motion
is modeled by a partial differential equation. The variables are expanded into an
infinite number of modes and all except three of them are put to zero. In this
chapter, the randomness are introduced into Lorenz system and some properties
of the inverse problem of the forward system are studied.

Let (Q, F,{F:}, P) be a complete probability space with the filtration {F;}:>o
and {W(t)} be a 3-dimensional Wiener process defined on it. Define a matrix A

as follows:

a —a 0
A=|-b 1 0
0 0 c
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For any y = (%%) and y= (%é) in R?, we define an operator B as follows:
Y3

0
B(y.7) = | s
—Y1Y2
Then the backward stochastic Lorenz system corresponding to equation (1.1.1) is

given by the following terminal value problem:

dY (t) = —(AY () + B(Y (), Y ()))dt + Z(t)dW ()
(3.1.1)

Y(T)=¢

for t € [0,7] and ¢ € L%, (©;R?). The integral form of the backward stochastic

Lorenz system is as follows:

Y(t)=¢ —{—/t (AY (s) + B(Y(s),Y(s)))ds — /t Z(s)dW (s).

The problem consists in finding a pair of adapted solutions {(Y(t), Z(t)) }tcpo,17-

Definition 3.1.1. A pair of processes (Y (t), Z(t))e MJ0,T] is called an adapted

solution of (3.1.1) if the following holds:
T T
Y(t)=¢ +/ (AY (s) + B(Y(s),Y(s)))ds — / Z(s)dW(s) VYt e [0,T],P-as.

Here

M0, T) = L C([0, T B) x L3(Q: L(0, T; R¥))

and it is equipped with the norm

VO ZOllstom =B sip [VOF) + [ 120)Fde)
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3.2 A Priori Estimates

A frequently used property of B is stated below:

Proposition 3.2.1. For any y and §j € R®, we have

(B(y,9),9) =0
and
By y) = B@:9)I* < (lyl” + 91"y — 9*
Let E7*X to be the conditional expectation E(X|F;), and let us list few as-

sumptions:
A1l : |£|?< K for some constant K, P-a.s.
A2: ¢ e Ly (R

Proposition 3.2.2. Under Assumption A1, if (Y (t), Z(t)) is an adapted solution
for Lorenz system (3.1.1), then there exists a constant Ny, such that |Y ()| < Ny

for all t € [0,T], P-a.s.
Proof: Applying the It6 formula to [Y (£)]2,
AV () = {20V (1), A (1) + BY (5, Y () + | Z() |}t + 2{Y (1), Z(0)) W (1),
Therefore
VORI + [ 206,47 (6) + B, Y6
- [woeas =2 [ oo, z6paws),
Since (Y (), B(Y(),Y(£))) = 0 by Proposition 3.2.1,

YR+ / 1Z(s)|Pds =[¢P? + / 2(Y (5), AY (s))ds
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T
) / (Y (s), Z(5))dWW (s).
t
For all 0 <r <t <T, we have:

T
BRIV + B [ 1120)|Pds

t

= E7r|¢)? + 2B /tT(Y(s),AY(s»ds

T

< BRiE Al [ BTV G)Pds
t

By Gronwall’s inequality (2.2.3),

T
BRIV + B [ 1120)|Pds

t

T
<EF|€1* 4 2||A] / B |¢[2eld 2Alde g
t
T
=B [¢f? +21|A\|Efr|gy2/ 2141(t=5) g
t

1 _ _
=7 | + 20 A7 | g (1 = e A1)

:E]:Tlf‘Q(Q o 672||A||(T7t))'

Letting r to be ¢, and by Assumption A1, it follows that |Y(¢)]*> < Ny for some

constant Ny > 0 which is only related to K. [

Definition 3.2.3. Let b(y) = Ay + B(y,y), and for all N € N and y € R?, we

define
b(y) if ly] <N
WM (y) =
b(LN) if |y| > N.

[yl

The truncated Lorenz system is the following BSDE:
dYN(t) = =bN(YN(t))dt + ZN (t)dW (t)
(3.2.1)
YN(T) =¢
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where W (t) is a 3-dimensional Wiener process defined on a complete probability

space (Q, F, P) and ¢ € L% (Q;R?).

Corollary 3.2.4. Under Assumption A1, if (YN (t), ZN(t)) is an adapted solution
for truncated Lorenz system (3.2.1), then there exists a constant Ny, such that

YN(t)| < Ny for all N € N and t € [0,T], P-a.s.
Proof: Apply Ito formula to |YV(t)]?, we get:
dlY ¥ ()] ={=2(r" (1), 8" (YN (1)) + 1 27 (1) ]|}t
+2(YN (1), ZN (t))dW ().

So we have

YN =l + / 2(YN (s),b¥ (VN (5))) ds — / 12 (s) 2ds

t

—Q/t (YN (s), ZN(5))dW (s).

If [YN(#)] < N, then (YN (1), B(YN(t),YN(t))) = 0. If [YN(t)| > N, then we also

N N
have (YN(t), B(gmgi N, i V) = 0. Let

Ay iflyl <N
ALN it fy| > N.
Then (YN (£), 5% (Y (1)) = (¥ (1), a¥ (YN (1)) and
OR[N =R+ [ 2000 s
—2/tT<YN(s),ZN(s)>dW(s).

For all 0 <r <t <T, we have:

T
BN 0P+ B [ |2¥()ds
t
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B¢ + 2E% / Y (s),a (YN (5)))ds

t

T
E™ e + 2] [ ETIYV(s)Pds,
t

By Gronwall’s inequality (2.2.3),

IN

T
EX YN (o)) + B / 12%(s)2ds

t

E7r

T
&P +2)A| / E%v|g[2e)t 21Ale g
t

T
E7|ef + 2||A|\Efryg|2/ 1Al g

t

— €

EZ|e)? + 2| Al BT |¢)2=— (1 — e 21ANT-0)

(1
2HAH
E}'T|£’2<2 . 672\\AH(T t)).

Now, let 7 to be t, and by Assumption A1, we get |[YV(¢)|? < N, for some constant

Ny > 0 which is only related to K.

3.3 Existence and Uniqueness of Solutions

Proposition 3.3.1. The function bY is Lipschitz continuous on € R3.

Proof: For any y and § € R3, let us assume that y = (%2) and y= (%é
Y3

~—r

Case I: |y|, |y/< N. Then we have

™ (y) — 0™ (3)]
= b(y) = b(y)]

= |Ay+ B(y,y) — Ay — B(y,9)|

a —a 0 0
-b 1 viys | — | %3 |
0 0 —Y1Y2 —U1Y2
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IN

1Ay — 9] + v/ (s — 19)2 + (Y12 — 102)?

< lac—abclly —y| + Ny — gl

Let Ly = |ac — abe| + N. Thus [bY (y) — 0¥ (%) < Lyly — 9.

Case II: |y| < N, but |y| > N. Then by Case I, we have

_ y Yy
B (y) = o™ (@) = [b(y) — b(—N)| < Lyly — 7 N.
9] 9]
Let us prove that |y — %N| <ly -yl

By carefully choosing a coordinate system, it is possible to make § = (7,0, 0).

Under such coordinate system, we have

Y o 1
ly— EM = [(y1 — sign(71)N)* + y3 + v3]7 and

ly =91 = [ = 91) + 43 + 93]
Since |y1| < N < |y, it is clear that |y; — sign(g1)N| < |y1 —91]- So |y—%N| <
ly — y| and thus
¥ (y) = bV (@) < Lly — 3.
Case III: |y| > N and |g| > N. Then by Case I, we have

v
9]

Without lose of generality, let us assume that |y| < |g|, Consider |y| as N in Case

BV ) — V@) = BN - b(L )| < LN%N _

NJ.
Y| 9]
II. It is clear that

y y Nyl .
[N = =N == ly — =gl < Ty =7
[yl [yl

9 9

Thus we have shown that
b (y) — bV ()| < Laly — | for Case 111

and the proof is complete. O]
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Theorem 3.3.2. Under Assumption A1, the Lorenz system (3.1.1) has a unique

solution.

Proof: First let us prove the existence of the solution of Lorenz system (3.1.1).
By Proposition 3.3.1, bV is Lipschitz. Thus b satisfies the assumption of Theorem
2.4.2. By Theorem 2.4.2, there exists a unique solution (Y (t), Z¥(t)) of truncated
Lorenz system (3.2.1) with such b" for each N € N.

Because of Assumption A1, by Corollary 3.2.4, there exists a natural number

Ny, such that

[YN(t)| < Ny forall N € N.

Since [YNo(¢)] < Ny, bNo(YNo(¢)) = b(YNo(t)) by the definition of 4™ (y). Thus for
Ny, truncated Lorenz system (3.2.1) is the same as Lorenz system (3.1.1). Hence
(YNo(t), ZNo(#)) is also solution of Lorenz system (3.1.1).

Let (Y(t),Z(t)) and (Y(t),Z(t)) be two pairs of solutions of Lorenz system
(3.1.1). By Proposition 3.2.2, there exists a natural number Ny, such that |Y (¢)| <
Ny and |Y ()] < Np. Since Lorenz system (3.1.1) and truncated Lorenz system
(3.2.1) for N = N, are the same, (Y (t), Z(t)) and (Y (¢), Z(t)) are also solutions
of truncated Lorenz system (3.2.1) for N = Ny. By Theorem 2.4.2, we know that
truncated Lorenz system (3.2.1) for N = Ny has unique solution. Thus (Y'(t), Z(t))

= (Y(t), Z(t)) P-a.s. Thus the uniqueness of the solution has been shown.

Definition 3.3.3. For any ¢ satisfies Assumption A2 and n € N, we define

E"=¢V(—n)An.
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The n-Lorenz system is the following BSDE:

dY"(t) = =b(Y"(t))dt + Z"(t)dW (t)
(3.3.1)
Yu(T) =¢"
where W(t) is a 3-dimensional Wiener process defined on a complete probability
space (2, F, P).
Proposition 3.3.4. Under Assumption A2,the solutions of n-Lorenz systems are

Cauchy in M0, T].

Proof: Since £" is bounded by n, the existence and uniqueness of the solution of
n-Lorenz system is guaranteed by Proposition 3.2.2.
For all n and m € N, let (Y"(¢), Z"(t)) and (Y"™(t),Z™(t)) be the unique solu-

tions of n-Lorenz system and m-Lorenz system, respectively. Define

Y(t) =Y"({t) - Y™(1),

Z(t) = Z"(t) — Z™(t) and
E=¢—¢m
Then we have
Y(t) =€+ /tT(A?(S) + B(Y"(s5), Y"(s)) = B(Y™(s),Y™(s)))ds
- [ Zawes)
Apply Ité formula to |Y(¢)[? to get
YOPr = (&P +/tT2<17(8),A37(8) + B(Y"(s5), Y"(s)) = B(Y™(s),Y™(s)))ds

- [1Ze0ras =2 [ 7). Ze)aw )
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Hence

TP+ / 1Z(s)|Pds

=|¢]? +/ 2Y (s), AY (s) + B(Y"™(s),Y"(s)) — B(Y™(s),Y™(s)))ds

t

-2 f (T (), 2w )
<+ [ AN s 2 [ (T, B 6.7 (5) = B0, 6
9 /t (), Z(s) W (s) (3.3.2)
Since

(Y(s), B(Y"(5), Y"(5)) = B(Y™ (), Y"™(s)))
=(Y"(s) = Y™ (5), B(Y"(s),Y"(s5)) = B(Y"(s),Y"(5)))
=— (Y"(s), B(Y"™(s),Y"™(s))) = (Y"(5), B(Y"(s),Y"(s)))
=(Y"(s), B(Y™(s),Y"(s5))) = (Y™(s), B(Y"(s),Y"(s)))
=(Y"(s), BY™(s) = Y"(s), Y"(s)))
=(Y"(s) = Y"(s), B(Y™(s) = Y"(s),Y"(s)))
=(Y (), B(Y (), Y"()))

<|Y (s)]*[Y"(s)]
From Proposition 3.2.2, we know that
|Yn(t)|2 < (2 . 6_2HAH(T_t)>E]:t|§n|2 < 2712.

So |Y™(t)| < v/2n Vt.
Hence

[(Y(5), BY"(5), Y"(s)) = B(Y™(s),Y"™(s)))]
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<[Y(s)P[Y"(s)| (3.3.3)

<V2n|Y (s)|?. (3.3.4)
From (3.3.2) and (3.3.4), it follows that
TOP+ [ 120)17ds <IEP + @] +23n) [ 7(s)ds
t . N - t
— 2/ (Y(s), Z(s))dW (s). (3.3.5)
t
After taking expectation on both sides of (3.3.5), one gets

E|17(t)|2+E/ ||Z(s)||2dsgE|E|2+(2||A||+2\/§n)/ E|Y (s)|?ds. (3.3.6)

t t

Hence by Gronwall’s inequality, it is easy to see that

BV (1)} + E / 1Z(s)ds

t

T
<E|E + (2||A| + 2\/§n)/ E|§|2€(2||A||+2\/§n)(t—s)d8

t

:E|a2 + E|g|2(1 — 6_(2||A||+2\/§n)(T_t))

<2B|¢]. (3.3.7)

Since E|¢]2 < oo and |2 < 2|¢[% an application of the Lebesgue dominated

convergence theorem yeilds

lim E|S=FE lim [£?=0 (3.3.8)

m,n—00

So it follows from (3.3.7) that

T
lim E/ 1Z(s)[2ds = 0 and  lim BV ()2 =0, vt
t

m,n—oo m,n—o0
1.e.

m,n— o0

T ~
lim E/ 1Z(s)||?ds =0 (3.3.9)
0
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On the other hand, by means of the Biirkholder-Davis-Gundy inequality (p. 160
[24]), one obtains

Bl swp | [ (V) Z()aw (s))

SE\/t (Y(5), Z(s))dW (s)| + E sup | [ (Y(s),Z(s))dW (s)|

t<p<T Jt

<2F sup | [ (Y(s),Z(s))dW (s)|

t<p<T Ji

<4V3E{ / V()21 Z(s)|Pds)
<WVBE{( swp [V(0)P)¥( / 1Z(s)|%ds)?)

t<p<T t
1 ~ T
<-E( sup |Y(,0)|2)+32E/ 1Z(s)||*ds (3.3.10)
t<p<T ¢

Thus from (3.3.2),(3.3.3) and (3.3.10), one gets

E(sup |V(0)P) + E / 1Z(s) s

t<p<T t

~ T ~
<El¢]* + E/t A+ 2™ (s)DIY (s)[*ds
T ~

+2E(sup | [ (Y(s), Z(s))dW (s)])

t<p<T Jp

<EIE[* + E/t (2 A +2[Y" ()Y (s)[ds

+3ECsup V(o)) + 618 [ 1Z(5)]ds

t<p<T t

Hence it follows from (3.3.7) and the above inequality that

1E( sup |Y(p)?) < 127E|§|2+E/t QIIA| + 21Y™ ()Y (s)[?ds  (3.3.11)

t<p<T

From Proposition 3.2.2, one has

Y™ (s)]? < EZ|e"2(2 — e 21Ty < 97+ |¢)? (3.3.12)
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Clearly {E”+|¢[?}seior) is a F-adapted martingale. By Doob’s submartingale in-

equality, for any A > 0,

P{ sup E*

0<s<T

1 1
P2 A < SEETIEP = EE =0 as A — o0

Let 7r = inf{t : E7*|¢|> > R} AT for R > 0. It is easy to show that Tp— T a.s. as

R — oo. From (3.3.11) and Gronwall’s inequality, one gets

E sup |V(p A7)l
t<p<T

o~ T ~
<O5EIE2 + zE/ QIA + 20V (s A 7r))[V (s A ) [2ds
t

o~ T -~
3254E|£\2+4(HA||+R)/ E sup |Y(pA7g)|*ds
t

s<p<T

<508E|([> for all ¢ € [0,T]
An application of monotone convergence theorem yields

lim B sup |V (p)[?)

m,n—oo 0<p<T

= lim E(lim sup |3~/(,0/\7'R)|2)

m,n—00 R—o0 0<p<T

= lim lim E( sup I?(/)/\TR)F)

m,n—o0 R—oo 0<p<T

< lim 508E|E> =0 (3.3.13)

From (3.3.9), (3.3.13), and the definition of the norm of M][0,T], we know that

the solutions of n-Lorenz systems are Cauchy. O

Since M|[0,T7] is a Banach space, we know that there exists (Y, 2Z) € M]|0,T],

such that
T
lim {E( sup |Y"(t) — Y(t)]z) + E/ |Z"(t) — Z(t)\zdt} =0
n—o0 0<t<T 0

We want to show that (Y, Z) is actually the solution of Lorenz system (3.1.1).
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Theorem 3.3.5. Under Assumption 2°, Lorenz system (3.1.1) has a unique solu-

tion.

Proof: By Proposition 3.3.4, we know that Y"(¢) converge to Y (¢) uniformly.

Since Y™ (t) and Y'(t) are all bounded, it is easy to see that

n—oo

lim B /t (Y™ (s)) — b(Y (5))|2ds = 0

By Ito isometry, we have

T T
lim £( / (Z7(s) — Z(s))dW (s))? = lim E / 1Z7(s) — Z(s)|2ds = 0
Thus we have shown that (Y(¢),Z(t)) satisfies Lorenz system (3.1.1), that is,
(Y(t), Z(t)) is a solution of Lorenz system (3.1.1).

Now assume that (Y (), Z(t)) and (Y'(t), Z'(t)) are two solutions of Lorenz sys-

tem (3.1.1). Similar to the proof of Proposition 3.3.4, we can get

E(sup [Y(t) — Y'(£)]?) = 0 and E/O Z(t) — Z/(t)]2dt = 0,

0<t<T

That is, ||(Y (), Z(t)) — (Y'(t), Z'(t))|| mpo,r) = 0. Thus we have proved the unique-
ness of the solution. O
3.4 Continuity with Respect to Terminal Data

Theorem 3.4.1. Assume that § € L% (Q;R"). Then the solution of (3.1.1) is

continuous with respect to the terminal data.
Proof: For any £,¢ € L% (4 R™), let (Y(t),Z(t)) and (X(t),V(t)) be solu-
tions of (3.1.1) under terminal values & and (, respectively. Let (Y"(t), Z™(t))

and (X"(t), V"(t)) be solutions of corresponding n-Lorenz system. By Proposition

3.3.4, we know that

T
lim £ sup |Y(t) —Y"(#)]> = lim E/ 1Z(t) — Z"(t)||*dt =0 and
0

n—oo OStST n—oo
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T
lim £ sup |X(£) — X"(#)2 = lim E/ V() = V(@) |2dt = 0
n—oo 0

n—oo  0<t<T

Similar to the proof of Proposition 3.3.4, one can show that

T
E / 127(t) — V" (0)|Pdt < 2Bl€™ — ("2
0

and
E sup |Y"™(t) — X"(t)|]* < 508E|¢" — ¢")?
0<t<T
Hence
T
E sup [Y"™(t) — X"™(t)]* + E/ 1Z™(t) — V™(t)||*dt < 510E[€™ — (")?
0<t<T 0

Thus

B sup |Y(t)—X(t)|2+E/O 12(8) = V(1)|2dt

0<t<T

< lim 3E sup (|[Y(t) = Y™ (t)]? + [Y"(t) — X" (t)]* + | X(t) — X"(1)|*)

n—oo 0<t<T

+ lim 3E/0 (1Z(@#) = Zz"O1* + 112") = VO + [V (E) = V()" dt

< lim 1530E[¢™ — ¢"[?

=1530E|¢ — ¢?
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Chapter 4

The Backward Stochastic Navier-Stokes
Equation

4.1 Preliminaries

Let G be a bounded domain in R? with a smooth boundary, and for t€ [0, 7], let
u(t)=(111) € H where H = {u € (L*(G))? : div(u) = V- u = 0 and y(u) =
u - ng = 0}, where ng stands for the outer normal to 0G.

Definition 4.1.1. Let A be an operator on a separable Hilbert space K with
CONS {e;}52,. If (Az,y)=(z, A*y) for any z,y € K, then A* is called the adjoint

of A. If A= A*, then A is called self-adjoint.

Definition 4.1.2. Let A be a linear operator from a separable Hilbert space K

with CONS {e;}32, to a separable Hilbert space H.

(a) We denote by L(K,H) the class of all bounded linear operators with the

uniform operator norm || - || .
(b) If HAHLI:Z((A*A)%ek,ek}K < 00, then A is called a trace class(nuclear)
k=1

operator. We denote by Ly (K, H) the class of trace class operators with norm
[P

(c) We also denote by Lo(K, H) the class of Hilbert-Schmidt operators with norm

Il - ||z, given by HAHLQ:(Z<Aek, Aek>H)%. Sometimes || - ||z, is also denoted
k=1
by [ - [l .s.

(d) Let Q € Ly(K, K) be self-adjoint and positive definite. Let K, be the Hilbert

subspace of K with inner product
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9k = (Q2f,Q 2 g)x,

and we denote Lo = Ly(Ky, H) with the inner product

(F,G)1, = tr(FQG") = tr(GQF*),  F,G € Lq.

Definition 4.1.3. W (t) is an H-valued Q-Wiener process, where (@ is a trace class

operator on H, if W (t) satisfies the following:
(a) W (t) has continuous sample paths in H-norm with W (0) = 0.
(b) (W (t), h) has stationary independent increments for all h € H.

(c) W(t) is a Gaussian process with mean zero and covariance operator @), i.e.

EW(t),q)(W(s),h)=(t N s)(Qg,h) for all g,h € H.

Consider the stochastic Navier-Stokes equation for a viscous incompressible flow
with no-slip condition at the boundary. Displaying the external forces on the right

side of the equation, we have, for v > 0,

%y (u-V)u—vAu+ Vp = £(t) + o(t,u) 20

(4.1.1)
V-u=0
with u(t,z) = 0 for x € 0G, and u(0,z) = up(z) for x € G. In the above, p
denotes pressure and is a scalar-valued function. The process {W;} is a H-valued
(Q-Wiener process, and v is the coefficient of viscosity. The solution of the above
system is (u,p) where u is a two-dimensional vector.
The stochastic Navier-Stokes equation can be written in the abstract evolution

equation setup (see Temam [29]) for bounded domains. Let P be the orthogonal
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Leray projector:
P:(L*G)*— H

By applying the Leray projection to each term of the Navier-Stokes system, and
invoking the result of Helmholtz that L?(G) admits an orthogonal decomposition
into divergence free and irrotational components, namely L*(G) = H + H* where

H+* can be characterized by
H* ={g e (L*(G))*: g = Vh where h € W"*(G)}, (4.1.2)
we can write the system (4.1.1) as

du(t) = —vAu(t)dt — B(u(t))dt + £(t)dt + Z(t)dW (t)

u(0) = ug(x)
where B(u,v) = P((u- V)v) with the notation B(u) = B(u,u), and Au =
—P(Au).

Now we fix the terminal value by letting u(7") = &. Then

du(t) = —vAu(t)dt — B(u(t))dt + £(t)dt + Z(t)dW ()
(4.1.3)

u(T) =¢
is called the backward stochastic Navier-Stokes equation.

Let V={ue (HY(G))?: V-u=0 and v(u) = ulsg = 0} and V' be the dual
of V. From the definition of V' and H, we see that they are both separable Hilbert
spaces, V' is a dense subset of H, and the embedding V' — H is dense, continuous
and compact.

We identify H' with H. For any h € H, there exist an h’ € V'  such that

(h',v)yry=(h,v)y. Then the mapping h — h' is linear, injective, compact and
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continuous. We may identify h’ with h. In this sense, H is a dense subset of V.
Thus we have evolution triple

VcHcCV (4.1.4)

and ||V||H < C||V||V7 ||h||V’ < CHhHH, and <h7V>V/,V = <h,V>H for all v € V,
h € H and some constant C. From now on, we may consider A and B as mappings

that map V into V.

Remark 4.1.4. Let {¢;}52, be a complete orthonormal system in H such that

there exists an increasing sequence of positive numbers {\;}%2,, Jlirglo A; = 00 and

Ae; = \jej for all j. Let Qer = grex, and {b*(¢)} be a sequence of iid Brownian

motions in R. The Wiener process {W(¢)} is taken as W(t)zz Vb (t)er with
k=1

qu < 00.
k=1
For any Banach space K, let L%-(€2; LP(0, T; K)) be the set of all {F};>¢-adapted

K-valued processes X (-) such that EfOT | X ()] kdt < oc.

Definition 4.1.5. A pair of Fi-adapted processes (u(t), Z(t)) is called a solution

of backward stochastic differential equation (4.1.3) if the following holds:

(1) u(t) =¢ +/t (vAu(s) + B(u(s)) — f(s))ds —/t Z(t)dW (t) holds P-a.s. in
|48

(2) u() € LE(; L*(0,T; V) N L(0, T; L3 (SY; H)).
(3) Z(+) € L%(; L*(0,T; Lg)).
Proposition 4.1.6. Foru,v,w € V, we have

(1) <1AL17 W>V,7V:Z/ @uj@iwjdx:(Aw,u)V/,V:<u,W)V
ij Y@
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(2) (Blu,v). Wy =y /G i (Oh; Yy

(3) <B<u7 V)? W>V’,V:_<B(u7 W)? V>V’,V

Proof: Let u, v, and w € V={¢p € C5°(G)?|Div ¢ = 0}.

(1)By integration by parts and the fact that w; = 0 on G, we have
(Au,w)y vy = (—PAu,w)y = (—Au,Pw)y = (—Au, w)y
/Au wdr = — Z/Auwdm Z/@w»d:p
i Wi G oz *
ou; ou; 811)2
—_ nd
Z/@G (9wa Hd U+Z/ 0z 8%
_Z/ ou; 0wZ
Oz, 8:70]

:<AW> u>V’,V

In the above derivation, n; is the jth coordinate of the outer normal vector n¢g to
G. Since V=closure of V in H}(G)?, by a density argument, the result holds for u
v,and w € V.

(2)Since
(B(u,v),w)y v =(Pu-V)v,w)g = ((u-V)v,Pw)g = ((u-V)v,w)y

and
V—Zulav Z 81}1 % ,Zuzg—z%

we have

(u-V)v WH—Z/uZaxzwjdx

By a density argument, the result holds for u, v, and w € V and the derivatives

are in the weak sense. Thus we have shown (2).
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(3)By integration by parts, we have

(B(u,v),w)yry = Z/ uZaxledx

(uw;)

_Z/ uv;w,n;do — Z/ 8@]
_—Z/ nguzwjdx Z/ uzv]gjjdx

i, t

ow;
= — Z /C; Ul’l)]a—xjdl' = <B(11, W), V>V’,V'

By a density argument, the result holds for u, v, and w € V. O]

Corollary 4.1.7. For anyu,v eV, (B(u,v),v)y vy =0

Proposition 4.1.8. (Constantin and Foias [{]) Let G C R™ be bounded, open and
of class Clwhere | > 1. Let s1, 54, s3 be real numbers, 0 < sy <1, 0 < sy <1 —1,
0 < s3 <. Let us assume that

(1) s1+ 82+ 83 >n/2 if si #n/2 for alli=1,2,3
or

(2) s1+ 52+ s3>n/2 if s; =n/2 for at least one i
Then there exists a constant Cg > 0 depending on si, ss, s3, and G, a scale

mwvariant constant, such that

1+s s s s 1+s s

[(B(u, v), whvrv| <Collull = 2 SV
s s 1+[s3|—ss s
IVl e lwl s fw e e,

for all u,v,w € C®(G)".

Lemma 4.1.9. [29] Assume that G C R? is bounded and of class C*. If u €

V N H?*(G), then B(u) € H C L*(G) and

1 1
Bl < CillullZ [l ]| AullZ
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4.2 A Priori Estimates

Let Py : H — Hy be the projection where Hy =span{ej, ey, - ,en}. Notice the
fact that Viy = Hy = VJ; for all N. First we restrict the domain of A and B to

Hy and still denote it by A and B. Now We introduce the following projection:
A" = PyA and BY = PyB
Then the projected backward Navier-Stokes equation is defined by

dul(t) = —vANuY (t)dt — BN (u (t))dt + £V (t)dt + ZN (£)dWN (t) @2.1)
4.2.1
u¥(T) =&Y
N
for 0 < ¢t < T, where ¥ = Pyf, WN(t) = Y /@b (t)ex, &Y = Py¢, and

k=1

ZN(t) 1 0,T] x Q — L(Hy, Hy).

Proposition 4.2.1. Assume that £ € L*(0,T;V"), and ||€||3 < K for almost
all w € Q and some constant K. If (uN(t), ZN(t)) is an adapted solution for the
projected system (4.2.1), then there exists a constant K, independent of N, such

that

T T
sup [[uV(®)% + E / I (@) |3dt + B / 1252 de < Ky (422)

0<t<T

Proof: An application of the multidimensional Itd’s formula to |[u® (¢)||% yields
T
@ =€V~ [ 2A-vAYuY(s) - BY( (9). u" (9)vrvds
t
T T
- [ 2@ s =2 [ (2 9) @ (6). W ()
t t
T
- [ #12¥ 0z 5y 1ds
t

T
eV — 2 / (—v AN W (s), 0 () ds
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9 / (£ (s), Y (5)) v s — 2 / (2 (3))" (™ (5)), W™ ()i
- / 12 ()12, ds

where (ZV)* is the adjoint of Z%, and the duality pairing (-, )y is just the H-
norm. For 0 < r <t < T, we take the conditional expectation as in Proposition

3.3.4 in the previous chapter to obtain
T
7 0+ B [ 1240 gds
t
T
=E7||EN)3, + 2B / (vANuN (s),u (s))vr vds
t
T
- ZEE/ N (s), u™(s))yr v ds
t
Thus

T T
R 0+ B [ 1280l gds + B [ (A0 (9,0 (5)) s
t t

T
1
—E7 NN+ 287 [ (04 ) AN 5), 0¥ (5)) s
. t
— 2_E'7:7 / <fN(S), uN(8)>V/7vdS
t

T T
<EF NI, + (20 + DAy / B [u® (s)3ds + 2 / 1 ()2 ds
t

0

1

T
5 [ I @)lds
t

where \y is the N eigenvalue of A. By Gronwall’s inequality and Proposition

4.1.6, we have

T T
1
7 @+ B [ 126 ds + 5B [ a¥(s) s
t t
T
<EZ NN +2 [ 180
0

T T
4 ) [ETIE 2 [ Y 6) R s} ey
t 0
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T
—{EF V| + 2 / 1Y (5) 2 ds} (2 — e @Ax A0
0
T
§2Efr|\§N|y§I+4/ I£(s) |3 ds (4.2.3)
0

Omitting the first term on the left hand side of the above inequality and taking

expectation on both sides, one gets

T T T
1
B [ 26 gds+ 58 [ (o) ds < 2BV +4 [ e)]ds
t t 0

Since £ € L?(0,T; V") and ||€]|3, < K, we know that for some constant K’ such

that

T T

1

E/ ]|ZN(5)HQLst+§E/ [u® (s)||2ds < K’
t t

Taking r to be t and omitting the last two terms on the left hand side of inequality
(4.2.3), we know that |[u™(¢)||% < K’

So for some constant K,

T T
sup [0V (0% + E / I @) 2dt + E / 12502, dt < Ko,
0 0

0<t<T

]

Corollary 4.2.2. Let the conditions in Proposition 4.2.1 hold. Additionally, we
assume that £ € L*(0,T;V"). Then there exists a constant Ky, independent of N,

such that

T
sup [w(0)14 + EY / ¥Rty < K,

0<t<T

i.e. {uN(t)} is bounded in L=(2 x [0,T]; H) N Lx(Q; L*(0,T;V)).

Proof: Applying Ito formula to |[u¥(¢)||%, we get

T
¥ @I + / 1a(s) 12ds
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T
<€V + v+ 1) [ (AYaY (s) 0 (5w
T ! T
2 [ s =2 [ (29 @ (6). W ()
T
<€V + o+ Ax) [ [u¥(5) s
T 1 T T
w2 [ @R s+ [ I @lRds =2 [ (20 (). ar (s
Squaring both sides of the last inequality, we get
[ (6)]4 + / [ (5)|12 ds)?

<Ay + 42 0?9y
t

116 / 6% (s) [4.dis + 16( / (2 (3))" (™ (5)), AV () 1)

Taking expectation for 0 < r <t, we get

1 T
B Ol + 3B a6 ds)?
t

T
<AET||EN |3 + 420N + An)? / E7r||u® (s)||3ds (4.2.4)

t

16 /OT 1 (s)[[4ds + 16Efr(/tT((ZN(S))*(uN(S)), AW (s)) )’
For the last term in (4.2.4), we have
B / (2 () (0 (), WV ($))
B Z / (2% ()" (" (5)), Ve b (s)?
_ZEf / Vi (s), 2V (s)(e) b (s))?

:ZEﬂ/t< au? (s), ZN(s)(e;)) % ds
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<Ko 3. B [ (e 2V

ij=1

00 T
<Ko S BF / (65,0 2V (s)(e0)) s
ij=1 t

T 1

_K,E / 1Q 2% (5) 12, .ds
tT

K EF / (2 ()7 Q2N (5))ds
tT

KB / 129 (s)|2ds

Thus by (4.2.3) in Proposition 4.2.1, there exists a constant K, independent of

N, such that

1 T
E7 (o™ + ZEFT(/ ™ (s)[[5 ds)*
t

1 T
<K+ dy ) [ BT )ds
t
Using Gronwall’s inequality, it follows that

T
Sup HuN(t)H%JrE{/O ™ (@) dt}* < Ky

0<t<T

]

Corollary 4.2.3. Let the conditions in Proposition 4.2.1 hold. Additionally, let
1€113 < K for almost all w € Q and some constant K. Then there exists a constant

Ky, independent of N, such that

sup [[u™ ()]} < K,
0<t<T

Proof: The proof is similar to that of Proposition 4.2.1. However, it is given in

full since slight variations are needed.
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First, by Proposition 4.1.6 and equation (4.2.1), we get

S0} = (1), (B = (1), AV (1)
= — (AN (1), AN (1)) gdt — (BN (0 (t)), ANu (t)) gt

+ (EV(), AN (1)) i + (27 () dW N (1), AN (1) m

Integrating from t to 7', and taking conditional expectation for 0 < r <t < T,

we get

T
E7 u ()5 SEE\|€NH%/+2EFT/ v[ANu (s)][5ds
t
T
2B / (BY (u¥(s)), ANuY () yds
T ' T
—i—/ HfN(s)H%/,d3+Eﬂ/ |ANuY (s) |2 ds (4.2.5)
t t

By the definition of AY, we know that
AT (@)l < Avllu™ @)l < Anla® (@)l
By Lemma 4.1.9 and Proposition 4.2.1, we have

(BN (Y (1), AN (1)) ] < Gyl (O 210 (1) [ I|AN Y (1)1
C2K?

3
<CF Y @O ™ @)y < + A u® @17
Thus (4.2.5) becomes

T
E7 a0 <ETEVI + (20 + 2vAL + AX) / E7|[u(s)]}ds
t

C2K2T T
+ =0 +/ 1EY(s)|12ds
0

2

Denote 2\3; + 2vA\% + A% by Cy. An application of Gronwall’s inequality yields

E7 (o™ ()]}
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C2K2T
2
C2K2T

T T
<{EZ (V| + T / 19 (s)|2ds} 1 + O / £Or 9 g}
t

T
={E7 1€V + + /O IEY ()13 ds}{2 — e~ T03

T
OB+ CHET 2 [ ()l
0
Taking r to be t, we get

sup [[u™ ()]} < Ky
0<t<T

for some constant K, independent of V. O

Now for every M € N, we define L), to be a Lipschitz C* function as follows:

(

1 if [[uly <M

Ly(lluflv) =40 if lully > M +1

0 < Ly(JJully) <1 otherwise
\

Proposition 4.2.4. ||Ly([|lz[lv)B™(z) — La(lyllv)BY (W)|la < Cnallz —yllv for

any x,y € Hy and M € N.

Proof: For any x,y € Hy,

IZar(lllv)B™ () — Lar(llyllv)B™ () I

=" La(ll2llv)B(x) — Las(lylv)B(y), ei)v v [

7

[(Lar(lyllv)B(2) = Lar(lyllv)B(y)

-

=1

+ Ly (Izlv)B(z) — Lu(|lyllv)B(z), ei)vev]?

§2Z [Lar(llyllv)(B(@) = B(y), eihyrv [
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+2§:KB@L@hmHﬂLMWﬂW)—LMWMWNQ

N N
<2 Li(llyl)I(B(z) = B(y), evrv* + C Y [(B(a), ey ’llz =yl
i=1 i=1
since Ly, is Lipschitz.
Let us denote (B(x,y), z)v/v by b(x,y, z). For any i,
[(B(z) = B(y), ei)v',v|
:|b($, xz, 62‘) - b<y7 Y, €z>|
=[b(x =y, z, ;) + by, z,e;) = by, y, &)
S‘b(.ﬁﬁ -y, el)| + |b(y,£13 - y7€i)’
By Proposition 4.1.8 and the Poincaré inequality, we have
1 1 1 1
bz —y,z,6)| < Callz —yllglle —yllvlzlvilel 7 el
< Cellzllvlleillvliz —yllv

for some constant C depending G.

Similarly,
11 1 1
b(y, z =y, ei)| < Callyllallyllvllz —ylivllel zllell
< Cellyllvlellvlle = yllv
and
[(B(2), ei)vrv| < Callellv |-
Thus

IZar (12 lv)B™ () = Lar(llyllv)BY ()13
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<4 max [le;[[5 NCGLE, (Iyllv) (I + lyllE) + =l ]l — il

Without lose of generality, we assume that ||z||y < |ly|lv, and let us discuss it
in the following 3 cases:

Case L ||lylly < M + 1.

In this case, ||z||y and ||y||y are all bounded by M +1. Thus || L (||z|v)BY (z) —
La(lyllv)BY W) % < Cnarllz —yl|3, where Cy s is only related to N, M, and G.

Case IL. ||ly|ly > M + 1 and ||z|[y < M + 1.

Then by the definition of Lys, Ly (|lyllv) = 0. Thus
ZasCle VB (@) = Las () BY () < 4 ma [lesENCE(M + 1)z -yl

Case IIL |lylly > M + 1 and || X||y > M + 1.
By the definition of Ly, || Las([|z[lv)B™ (x) = Las (lyllv)BY (w5 = 0 < [lz—yll?-

Thus we have shown that

[ Lar([l2llv)BY (2) = Lar(lyllv)BY W)l < Cwvellz — yllv
where C'y 3 is a constant which is only related to N, M and G. O

Proposition 4.2.5. Assume that f € L*(0,T;V"), and ||£]|3 < K for almost all
w € Q and some constant K. Then the projected system (4.2.1) admits a unique

adapted solution (u™(t), ZN(t)) for each N and

E(sup [u¥(0)|%) + E / 12¥(s) 2, ds < oo (4.2.6)

0<t<T
Proof: First, we introduce some notations.

For 1 <i < N, suppose that (u(t),e;)g = 4 (t) and we denote
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For AN, we denote
N
<ANuN(t), 62')‘//7‘/ = <Z /\ﬂlfv(t)e“ €i>V’,V = )\dev(t)
i=1
For BY, we have

(BY¥(u (1)), ei)vrv = (PnB(u™ (1)), e)vr v

=> _B"(t), e)vves ey

7=1 =1
N
=D @y ()2,
j=1
)\111{\, (t)
~ R )\gﬁé\](t)
Now we define AN (G (t))= and
)\Nﬁ:%(t)

S blew er, )il (1) (1)

k=1

b€k7€l,62fLNt’ELNt
Bt o | o e e e O

N

S blew erex)id (1) (1)

k=1
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) R VO] A (€Ne1)m
We also denote (fV(t), e;)vr =1 (t), £V (t)= : |, and EN= : i
N @ (€N enm
Since

( /t ZV(8)dW N (s), e
~3° v [ 2V (s e)db(s) i)
k=1 t
:<Z @Z/t (ZN(3)(er), e) reidb® (s), e;) i (4.2.7)

3 Vi /t (ZV(5)(ex), e) db® (s)

=30 [ W (ZV () (e udt (3

(Q2(e1), (ZN(s)) (), (Q(e2). (ZN(5))"(e1))u (Q2(en), (Z7(s))" ()
(Q2(er), (ZV(s)) (), (Q7(e2), (ZN () (ea)y, -+ (Q2(en). (ZN(5))"(e2))u
(Q2(er), (ZN () (en))ar, (Q3(e2), (ZV(s))*(en)ms -+ (Q2(en), (ZV(s)) (en))n
) b (t)
and W™ (1) :< : > where {b7(t)} are N independent standard 1-dimensional
bN (t)

Brownian motions.

Thus for any N € N, the projected system 4.2.1 is equivalent to

{dﬁN(t) = —vANaN (t)dt — BN (@ (¢))dt + £V (t)dt + ZN (6)dWN (1)
(4.2.8)

aV(T) = &N
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Define the associated truncated system as follows:

/

AN (1) = AN (1)t — Ly ([ (1) B (@ (1) de -+ £ ()

+ZNM () dWN (t)

Wv(T) =€
(4.2.9)

Let ANM(t 2) = —vANz — Ly(||z]ly)BY (x) + £¥(t). Obviously, hNM (¢, z) is
Lipschitz on [0, 7] x RY. By Theorem 2.4.2, we know that (4.2.9) admits a unique
adapted solution (a™M(t), ZNM(t)) € MI0,T], where M0,T] equipped with
the norm ||Y(~),Z(-)||M:{E(Oiu£T|Y(t)|2) + E/T|Z(t)|2dt}; and here |Z]? =
tr(227). - O

Similar to the proof of Proposition 4.2.1, it can be shown that OiltlET [uM(#)]2
< K for a constant K, independent of N, and M. For a fixed }V_, we make use
of the fact that Vy = Hy and || - ||y and || - [|[H are equivalent to each other
for the finite dimensional case. So, Oiug[ [u™M ()12, < Ko for a constant Koy
independent of M. -

Thus for M > Ko n, Ly (|[u™(#)]]y/) = 1, and the solution of (4.2.9) is also the
solution of (4.2.8). The existence of a solution of (4.2.8) has thus been shown. Let
(N (t), ZN(t)) and (¥V(t),YN(t)) be two pairs of solutions of (4.2.8). We know
that there exists an My, such that sup [0V ()] < My and sup [vV()]? < M.

0<t<T 0<t<T .
Since (4.2.8) and (4.2.9) are the same for M > M,, we know that (0¥ (t), ZN(¢))
and (VY (¢), YN (¢)) are also solutions of (4.2.9). The uniqueness of the solution of
(4.2.9) implies the uniqueness of the solution of (4.2.8).

Since (4.2.1) and (4.2.8) are equivalent, we have shown that there is a unique

adapted solution (u™¥(t), Z¥(t)) to the projected system (4.2.1).
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Equation (4.2.6) is proved by the following:

E( /OT $)dWN (s / |ZN(s)[?ds = E / tr(ZN(s)ZN" (s))ds
=Ei /OT@%( 0, (27 (5))" (e0) s = B / ZN(s)AW™(s)? by (42.7)
_EZ/ ek, Q “(e)) HdS—EZ/ ex, Q ZN ))*(e))3ds

_EZ / 1QH(Z" ()Y (en) 3ds = E / Q2™ ()13 5 ds

-5 / QN 6 = B [ 17761 s

4.3 Existence of Solutions

First of all, let us prove some simple results.

Lemma 4.3.1.
v C?
[(B(u) = B(v),u = v)yy| < Slu~- vy + 2—5Hu —v[[HlIvI§

for allu,veV.

Proof: Denote u — v by w, then

(B(u) —B(v),u—v)yy = (B(u),w)y v — (B(v), W)y v
=— (B(u,w),u)y v+ (B(v,w), V)y v

= — (B(u, W), W>V’,V — <B(11, W), V>V’,V + <]_3)(V7 W), V>V’,V
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By Proposition 4.1.8, we have

[(B(u) =B(v),u=vjvv|=| = (BW),v)vv|

=| — (B(w,v),w)vv| < Collwllv[[w]ullv]y
v 2 é‘ 2 2
<Zlha v+ S~ VIV

m
Lemma 4.3.2.
CZ 2 oV 2
(AW, w)yry + (B(u) = B(v), w)yry + 2 ~l|w v > S 1wl
for allu,v € V, where w =u — v.
Proof: From Lemma 4.3.1, we know that
v C?
(B(w) = B(v), wyyry = —Z[lwlli, - GHWHHH [
Thus by Proposition 4.1.6,
v .  C& 2 2
(v AW, W)+ (Bw) = Bv), wyvey > & wli? = SE w3 v
O
Corollary 4.3.3. Let r(t) = G i llu(s)||2ds and ra(t) = G [y Iv(s)||%ds for

allu,v € L%(Q; L*(0,T;V)). Then
1
(vAw + B(u) — B(v) + Efi(t)w, w)vry >0 i=1,2
for allu,v € L%(Q; L*(0,T;V)), where w =u — v.

Proof: Notice that (3r2(t)w, W)y = §—§||W||%{||v||%/ Thus

(vVAw + B(u) — B(v) + %fQ(t)W, W)y y
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2

C
=(VAw + B(u) - B(v), W)y v + 2_S||W”12LI||VH%/

v
>5llwlii =0
Similarly, we can prove it for the case that i = 1. O
Lemma 4.3.4. For any u, v, and we V', we have

1 1 1 1 1 1
[(B(uw) = B(v), w)vrv| < CllallElally + IVIE VIV = viE[a = V5wl

Proof:
(B(u) - B(v), )iy
=~ (B(u,w), w)yy + (B(v,w),V)yy
= — (Blu,w),u— )iy = (B(w,w), V)yry + (B(v, W), v)yy
—— (B(u, W), u— V)yry — (B(u— v, w), vy
Thus

[(B(u) = B(v), w)vv|
1 1 1 1
<Cllullgl[al[yla = vzl = vi[y[wly
1 1 1 1
+Clu = vi[Ella = vI[Z v E VI Wy
1 1 1 1 1 1
=C([[ullZlally +IvIE Vi) e = viiEw = v {wly

]

Lemma 4.3.5. Let A : K — K’ be linear and monotone, where K is a Banach

space and K’ is the dual. Then A is continuous.

Proof: First, let us prove that A is locally bounded at 0, i.e., there exists a

neighborhood U of 0, such that AU is bounded.
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0o
=1

Suppose that A is not locally bounded at 0. Then there exists a sequence {z;}
in K, such that

l|z:||x — 0 but ||Az;||x — o0

o 1 . .
Let a; = Ao Since A is monotone, we know that for every y € K,

a;{A(x; —y),xi — y)rrx > 0. Thus
ai<A$i7 xi>K”K — CLi<Ay,$i — y>K’,K 2 ai<A$i; y>I(,,[(7

which implies

Azl e[l e + [ Ayl xellzi — yllee
U ([ Al rer ] 1

> a;(Azi, y) k' K,

Similarly, since a;(A(z; +y),z; + y) e x > 0, we know that

|Azillrel|zill i + 1Ayl s llzi + yllxc
U ([ Az | rer 4] 1

ai{ AT, y) kK > — |

We know that ||Ay| ks is bounded. ||z; + y||x and ||z; — y||x are bounded by

|zl e + |yl and ||z;||x — 0. Since ||Az;||x — oo, we know that
sup [{a; Az, y) g k| < 00 for every y in K.
i
By Banach-Steinhaus theorem, we know that for some constant V,
Slﬁ}P |lai Azl < N,
ie.,

sup [|a; Az;|| k-
(2

oAl
i L+ [[Azil[ el
1
=sup — <N
i T il
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This is an contradiction since and ||z;||x both tends to 0 as ¢ goes to oco.

1
| Az | &/
Thus A is locally bounded at 0.

Since A is linear and bounded on a neighborhood of 0, A is also bounded on the

closed unit ball, i.e., A is continuous. O

Theorem 4.3.6. Assume that |[£||3, < K for some constant K, P-a.s., and f €
LY0,T;V"). Then the Navier-Stokes equation (4.1.3) admits an adapted solution

(u(t), Z(t)) € L=(Q x [0, T]; H) N LY(Q; L2(0,T; V) x L(Q; L0, T; Lo)).

Proof: We will prove the theorem in the following steps.

Step 1: First, let us find some bounds for the projected system. By Propo-
sition 4.2.1, we know that {u(¢)}3_, is bounded in L%(2; L*(0,T;V)). Hence
{u™ (1)}, is bounded in L%(Q; L*(0,T;V")).

Since A is linear and monotone, i.e.,
(Alu—v),u—v)py=|u—-v|y >0,

by Lemma 4.3.5, we know that A is continuous. So there exists a constant C,
such that ||Aullys < Clu|ly for all v € V. Thus from (4.2.2), we know that
{ANuN(t)}35_, is bounded in LZ%(Q; L2(0,T;V")).

By Proposition 4.1.8, for any v € V,
[(BY (u™(1)), v)viyv] < Calla™(@)llv[a® @)z vilv.
By Proposition 4.2.1,
IBY (N (@®))llv = sup [(BN(u" (1)), v)viv| < Cov/Kolu" (t)]v.

Since {u® (¢)}%5_, is bounded in L%(€; L*(0,T; V")), so is {BY (u(¢))}.

It readily follows by Proposition 4.2.1 that { Z™ (¢)} is bounded in L%($2; L*(0,T’; Lg)).
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Step 2: Clearly we have the following strong convergence:
&V = Eand V(1) — £(t)  in LZ(Q; L*(0,T; V"))
Since L%(; L*(0,T; V")) and L%(Q; L*(0,T; Lg)) are Hilbert spaces, and from
the results in Step 1, there exist u(t), Y(¢), G(t), Z(t), and {Ny}2,, such that
ue (1) Du(t), vANMaE() DY (t), and BYE(uE(1) L G(1)
in L%(Q; L*(0,7;V")), and
ZNe(t) & Z(t) in L%(Q; L*(0,T; Lg)).
For every t, we define
Ly L(;L%(0,T; Lg)) — LE(; L*(0,T; V"))
T
M(t) / M(s)dW (s)
t
Then by Biirkholder-Davis-Gundy’s inequality,
T T
B[] aawe)R.d
0
r o
<E [ [ MW
0 t
T

<TE sup || [ M(s)dW(s)|%

0<t<T J¢
T t
<OTE| / M(s)AW (s)|% + 2TE sup || [ M(s)dW ()|l
0 0<t<T 0
t
<4TE sup || | M(s)dW (s)||%
0

0<t<T

T
§4TCE/ |M(s)|12, ds
0

for some constant C'. This shows that £; is a bounded linear operator. Hence L;

maps weakly convergent sequence {ZNk(#)}2°, to a weakly convergent sequence

{7 2N (s)dW N (s) 72, with limit [," Z(s)dW (s).

60



Here we have used the fact that [, ZN(s)dW (s)=[" ZV(s)dW™N(s) by letting
ZN(t)(e;)=0 for i > N.
Similarly, it can be shown that
T T
/ (VAN (5) + BV (u*(s)))ds = / (Y(s) + G(s))ds
t t
in L%(Q; L*(0,T;V")). Let
T
FNe(t) =¢Nx +/ {vANeuNe(s) + BYF(uMe(s)) — £V (s) ) ds
T t
- / 2% (5)dV e (s).
t

Then u™(t) = FNe(t) P-a.s. for every k and they both weakly convergent in

LZ(Q; L*(0,T;V")). Hence the weak limits agree P-a.s, i.e.,

u(t) =&+ /t (Y(s)+ G(s) —f(s))ds — /t Z(s)dW (s) (4.3.1)

Step 3: Now let us prove the existence. From now on, we will denote the index
of those convergent subsequences by N again, instead of Ny.

Let r(t) = % [T {[v(s)][3-ds for any v(t) € L=(2x[0,T]; V). Apply Ito’s formula
to e Olu (t)][3;, we get

e M E — ™ (0113
T
= [ e @)
e OWANuN (t) + BY (uV (1) — £(t), u (1)) vdt
T
OO ). VO + [T ONZ Ol
1

e OWANUN (1) + BV (uM (1)) + 57’“(t)uN(t), u (1)) ydt

e O (1), u (1)) v vt + 2 / " 2V () (6), W ()
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T
—r(t) N 2
+ [ ezl
Now by taking expectation, we get
T
BN — Bl O — 28 [ O 0w @)vvt
0
T
- E/ e "I ZN ()17, dt (4.3.2)
0
T 1
=— QE/ e " O(wAN AN () + BY (uM (1)) + éf(t)uN(t), u (1)) ydt
0

Likewise, equation (4.3.1) and the It6 formula applied to e™"®|ju(t)||% yield
T
Ella(O)Fy ~ B¢l + 28 | e e(0), ult)) v
0
T

+ E/ eV Z ()7, dt (4.3.3)

0

r 1

_oF / O (1) + G(t) + SH0a(t), ub)v v
0

Taking the limit, (4.3.2) becomes

lim {25 / e TOWANN (1) + B (1) + S (0 (1), 0 (1) e vit)

T
= lim {E[u™(0)| — Be @M% + QE/ e OEN (1), uN 1))y vt
N—oo0 0
T
+E/O e "W ZN ()17 dt} (4.3.4)
For the first term in (4.3.4), since

0 < Elu™(0) —u(0)||F; = E[u™ (0% + Elu(0)]% — 2E(u”(0), u(0))n

and u™(0) = u(0) in L% (2 H), we get
0< lim Elu™(0)|[3 + Ellu(0)]7 — 2E[lu(0)]|%

ie.

lim Eu™(0)[[F = E[u(0)||%

N—o0
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For the second term in (4.3.4), since
[Be™DNeME — Be D el | < [Be e — €3] — 0,

we know that lim EB_T(T)”SNHJ%I = EG_T(T)HfH%{
N—oo

For the third term in (4.3.4),

B [ O @ Wy — (10,00
1B [ O W) — H0. 0 )y + (OO — )y
< [ O )~ t e Ol + 18 [ 080,00~ wo)ev
<([ 100 - F Rt @l

+ \E/O (e7"Wf(t), u (t) — u(t))y v dt|

Obviously, the first term above converges to 0 as N tends to oo. Since f(t) €
L2(0,T; V"), and 0 < e < 1, we know that e "®f(t) € LZ(Q; L*(0,T;V")).
Since u™ () = u(t) in L%(%; L2(0,T;V)), we know that the second term above
also converges to 0 as N tends to co.

Now for the last term in (4.3.4), similarly to the first term, we have

T T
tm B [ ONZY Ol = B [ Oz

N—o0
Combine (4.3.2), (4.3.3) and (4.3.4), we get
T
1
lim {QE/ e "D wWANuN () + BV (uV (1)) + 57"(t)uN(t), u (1)) pdt}
N—o0 0

T
> Elu(0)|[% — Ee D¢ + 2B / O (), ut))yrdt

T
—7r(t) 2
+E/0 O Z ()2, dt

=2F / ' e T OY (1) + G(t) + %f*(t)u(t), u(t))yr ydt (4.3.5)
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Now by Corollary 4.3.3, we have
T
E / e WA (v(t) —u”(t)) + BY(v(1)) - B (u"(1))
0

+ %f(t) V() = N (), v(t) = u () yrydi > 0

Hence

E / O AN (1) + BY (1) + S0 (1), v(0) — ()it

<E /OT e " (vAv(t) + B(v(t)) + %f’(t)v(t), v(t) = u¥ (6))yr vt

Taking the limit and by (4.3.5), we get
T 1
E / e "IV (t) + G(t) + ST (Ou(e), v(t) = u(t)y vt
0

<E /0 O (W AV (L) + B(v(L)) + %f(t)v(t), v(t) —u))yydt  (43.6)

Since L>®(Q x [0, T]; V) is dense in L%(€2; L*(0,T5V)), (4.3.6) is true for all v(t) €
L=(Q x [0,T); H) N LE(2; L*(0,T; V)).
Now we take v(t) = u(t)+Aw(t) for any w(t) € L>(Qx[0,T); H)NLE(Q; L*(0,T;V))
and A > 0.
By Corollary 4.2.2, we know that u(t) is also in L>(Qx [0, T]; H)NL3(Q; L*(0,T;V)).
Therefore
T
T
—E [ o) lwlo) [t
0
2

T
C
<BE(swp [w)ll% / “G v (t)|2.at)
0<t<T 0 v

<B( s [wOIRE(| SV Fdn? < o0

0<t<T
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and (4.3.6) becomes

E / ' eV (1) + G(t) — vAu(t) — Bu(t) + Aw(t)), Aw(t))yr v dt

T
SE/ e TOAvAW(t) + %f(t)w(t),AW(t)>V/’th
0
Cancelling A, and using the fact that

(B(u(t) + Aw(t)), w(t))vv
= — (B(u(t) + Aw(t), w(t)), u(t) + Aw(t))v: v
= — (B(u(t) + Aw(t), w(t)), u(t))v"v
= — (B(u(t), w(t), u(t))vv — M(B(w(t), w(t)), u(t))y v
=(B(u(®)), w(t))v,v + MB(w(t), u(t)), wt))v.v,
we get

E /T e Y (1) + G(t) — vAu(t) — B(u(t)), w(t))y vdt

gAE/O e "D (vAWw(t) + B(w(t),u(t)) + %f(t)w(t),w(t»wvdt

Letting A — 0, since the right hand side of the last inequality is finite, we get

E /T eV (1) + G(t) — vAu(t) — B(u(t)), w(t))y,vdt <0

for all w(t) € L=(Q x [0,T); H) N LE(2; L*(0,T;V)).
Hence Y (t) + G(t) = vAu(t) + B(u(t)) P-a.s. and this completes the proof of

the existence of the solution. O

4.4 Uniqueness of Solutions

The following Lemma is used in the proof of the uniqueness.
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Lemma 4.4.1. Assume that ||£||% < K for some constant K, P-a.s., and f €
LY0,T;V"). Let (u(t), Z(t))eL>(2x[0, T); H)NLE(; L*(0,T; V) x L3(9; L*(0,T; Lg))

be a pair of solution to (4.1.3), then
T
o / | Pyu(s)|2ds < K’
0
for all r € [0,T] and some constant K'.
Proof: Denote p™(t) = Pyu(t) and o™ (t) = PyZ(t). Then
dpN (t) = —vANpN(t)dt — BN (u(t))dt + £V (t)dt + o™ (£)dWN (1)
pN(T) =&Y
An application of It6 formula to ||p™ (¢)]|% vields
T
0¥ Ol =165 +2 [ AY5"(5) + BY (a(s)). o (s)) v
t
T T
= [ 2 s =2 [ (0N 6 (0¥ (6. AW ()
t t
T
- / lo™ ($)I12, ds (4.4.1)
t
Using Proposition 4.1.8, and the fact that u € L>(Q x [0,T]; H) and pV = Pyu,
we get
[(BY (u(s)), o™ (s))v vl
=|(B™(u(s), p"(s)), ul(s))v,v|
=|(B™(u(s), p"(5)), p™ (s))v,v|
1 1 8 1
<Cllu(s)lIz () IF ™ ($)1l0™ ()17
3 1
<CAX ()11 ()l

So (4.4.1) becomes

T
quwz+2[’WW@w%w
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<|EVIZ + (20 + 2w / 0™ (5)|Zds + 2003 / lu(s)| 211" (5)|| s
2 / 163 (s) [2.ds + / 0¥ (8)|[2ds — 2 / (™ ()" (0 (5)), AW (5))

Taking conditional expectation with respect to r € [0, ], one gets
T
B0 Ol + £ [ 1" ()l ds
t
T
<EZ N6+ 20+ 2w+ 12 [ B 0¥ () s
t

5 T LT X T
20N {ER / lus) v s} / EZ (0N (s)yds} +2 / 1 ()12 ds
t t t

It is clear that for some constant K7,

T
EﬂMW@+2/ 169 ()| ds < K.
t

Let
a(N) = (2v+2)Av(Ay +1)%,
3 T L
B(N) = QCAJQ\,{EE/ |lu(s)|lyds}z, and
t
T 1
oV.ter) = { [ BT V() s
t
Then

a(N)g*(N,t) + B(N)g(N,t,r)

:mwmwmﬂ+g$ﬁ‘ig;
o+ 200 00
=2a(N)g*(N,t,) + faix))
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So

T
EX N ()15 + B / 10V ()2 ds

B*(N)

<K
=Mt )

+2a(N)g*(N, t,7)

Applying Gronwall’s inequality, one gets

T
EZ N ()13 + B / 10V (5)3.ds
t

B*(N)
2a(N)’

<2K; +

Since Ay — o0 as N — oo,

is uniformly bounded. This completes the

proof. O]

Theorem 4.4.2. Assume the conditions in Theorem 4.3.6. The adapted solution of
(4.1.3) is unique in L>=(Q x [0, T); H) N LE(; L*(0,T;V)) x L%(Q; L*(0,T; Lg)).

Proof: Let (u(t), Z(t)), (v(t),o(t)) € L=®(Q x [0,T]; H) N LE(Q; L*(0,T;V))
X L%(; L*(0,T; Lg)) be two solutions of (4.1.3).
Step 1: For every N € N, let pV(t) = Pyv(t), and we define the following finite

dimensional system

dxN (t) = —vANXN (t)dt — BN (pN (t))dt + £V (t)dt + YN (#)dWN (1)
(4.4.2)
xM(T) =&

Since AY is Lipschitz, it is easy to see that (4.4.2) admits a unique adapted
solution (xV(t), YN (t)).

Apply Itd’s formula to ||x™(t)[|%, we get
T
IO 1€V +2 [ AN (5) + BY (Y (5), x" ()}
t
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T T
9 / (BN (5, % (5))yr v s — 2 / V() dWN (), X ()
7{ t
- / YN (s))2, ds
t
Since
2B (¥ (5)), xV () vl < ClAY I + 1Y (5)]3
and
AEN (), ¥ (5)) v | < IIEV () + [V (3)]3
we get, for 0 <r <t < T,
T T
E5 N ()% + B / IYN(s)|2, ds +3E5 / (AN (s), % (5)) vy ds
! T ! T
<EF NI + (v + 3)ES / (AN (), %N () vy ds + CET / 10V (s) |2 ds
T ! T !
T / 1 (s)|2ds + 2E% / 5™ (s) |12 ds
t t

Using the assumption and Lemma 4.4.1, we have, for some constant K which is
independent of IV,
T T
BRI @+ B [ YN ds+ B [ o) s
t t
T T
<E7 4 B [ s+ [ G ds
t 0
T
+ (2v + 3))\1\// BT ||xN (s)||% ds
f
1 L E N2
§§K + 2u+3)Ay [ ET|x"(9)|l5ds
t

Apply Gronwall’s inequality, we get

T T
sup [x<N(O)% + E / YN ()2 ds + B / N )Eds < K (4.4.3)

0<t<T
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Step 2: It is clear that p” satisfies

dp™ (t) = —vANpN (t)dt — BN (v(t))dt + fN(t)dt + Pyo(t)dW (t)
(4.4.4)

where, for convenience, we set YV (¢)(e;) = 0 for all k > N.

The It6 formula yields
1w ()11 =2/t (vANW (s) + (B (0" (s)) = B (v(s))), w" (s))vr v ds

9 /t (YN (s) — Pyo(s)dW(s), w™ (s))u (4.4.5)

T

— YN (s) — PNO'<S)||%QCZS (4.4.6)

Note that v(t) € L>*(Q x [0, T]; H). By the above equality,
[(BY (0" (s)) = BY(v(s)), w" (s))v,v]
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<Clv(s) = p¥ (v () — 2 (I IWY S)lIvllo™ () 1l ()]

<CilIv(s) = P IV () v 1w ()

<Collv(s) = SV + W™ ()]3)

<Collv(s) = " ()l IV ()Y + Cadn[[w™ ()%

1
where Cj is a bound for Cy||v(s) — p™(s)||%, independent of s and w. Such finite
bound exists because of Theorem 4.3.6. Applying the above inequality to (4.4.5),

and by Gronwall’s inequality, we get

t

T 1
<op” / Collv(s) — o™ ()12 V()12 ds

r

T T
E7 w0+ B [ YY) = Puot)Egds+ B [ [wY(s) R ds
t

T
420+ D [ B W ()fds
t

T 1
<AEF / Collv(s) — pN ()| B v (s)|2 ds

for0<r<t<T.

Letting r = ¢, we get

T T
I (0% + E7 / IY¥(s) = Pyo(s)|2,ds + E / I ()2 ds
t

t

T 1
<4E” / Callv(s) — ()13 I1v(s) |2 ds
1 T
<ACLE™(sup [v(s) — p¥ ()l / Iv(s)12.ds)

0<s<T

CACIET sup [[v(s) — o (3)||alH[ET( / Iv(s)[3ds)?)

0<s<T
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Since v(s) € L>®(Q x [0,T); H) N L%E(Q; L*(0,T;V)), we apply the Lebesgue
dominated convergence theorem to get

lim ( sup [[w"
N—oo o<t<T

W) + E / [Y¥(s) — Puo(s) |2, ds + E / W™ ()[[2ds) = 0

(4.4.7)
Step 3: Let wV(t) = u™(t) — xN(t) and ZN(t) = ZN(t) — YN(t). Take the
difference of (4.2.1) and (4.4.2), we get

dw™ (t) = —vANWN (t)dt — (BN (uN (1)) — BN (pN(t)))dt + ZN (t)dW (t)
W (T) = 0.

Similar to Corollary 4.2.3, we have

(4.4.8)
1 ~ N 2 ~ N ~ N
§dHW O = {dw™ (), w" (t)v
:<ANv~vN(t), dv~vN(t)>V/y = (dv~vN(t), ANv~vN(t)>H
= — WANWN (1), AN (8)) gt — (BN (uN (1)) — BY (pV (), ANWN (1)) gt
+ (ZN AW N (), AN () i
and
W™ ()3

(4.4.9)
= / VAN (5)|2ds + 2 / (BY (0 (s)) — BY (o (5)), ANw" (s)) eds
P /t (2N (8)dWN (5), AN ()

(4.4.10)
Let us make the following notation:
Ky (N, ) = [0 O™ O + [ 011 ()]

1
v
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Ka(N, ) = [N @O 121 (0112 + 15 @131~ @)

1
v

T
K3(N,r) = EEE/ C* K3 (N, ) [w™ ()|l w™ (s) ]l vds
0

and a(N) = (2v +2C; +2)A\%, B(N,r) = 2{E’" fTT K4(N,s)ds}z and g(N,t,r) =
{J; B7 N (s) [} ds} e

Recall that sup<,<p W (t)||3; < C where C' is independent of N. Using this
fact along with Lemma 4.3.4, one obtains

[(BY(u™(t)) = B (p™ (1), AYWN (1))
<|(BY(u™ (1)) = BY(x" (1)), AN (t)) 1]

+[(BY(xN(1) = BY (N (1), AV (1)

1
v

SCE (N, 1) [ AN (1)l 5 (1)1 (1)
+ CE(N DAV ()l [ (5] [w™ (1)

v
<CVINY O + EF (N O™ (8)]|v
i 1
+FANIWH @GN + C K (N, O w™ Ol llw™ () v

Thus for 0 <r <t <T, (4.4.9) becomes

T
E7|[WN @)1 Sa(N)/ E7(|W (s) [V ds + Ks(N.7)
t

T
L 2E" / K2(N, 5[ (3) v ds
t

<a(N)g*(N,t,r) + K3(N,r) + 3(N,r)g(N,t,r)

(4.4.11)
Step 4: Since

a(N)g*(N,t,r) + B(N,r)g(N,t,7r)

=a(N)(g(N,t,r) + G

1)) AV
2a(N)

4a(N)
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<a(M) (N 1) + gy - 2
=2a(N)g*(N,t,r) + %,

(4.4.11) becomes

N 2 T
BTSN OI < Ka(V,r) + Gy + 20 [ B 5 o) s

It is clear that we have the integrability to apply Gronwall’s inequality. Thus

one gets

N 2
BT 0l < 2Ka(Vor) + o

Note that a converges to oo as N goes to oo. It is easy to see that (N, r) is
bounded uniformly over N. A}im K3(N,r) = 0by (4.4.7) and Lemma 4.4.1. Letting
r =t and applying Lebesgue dominated convergence theorem, we get

lim sup [ (0)[2 =0
N—000<t<T
Since u™ (¢) — pN(t) = u(t) — v(t), we have
sup [lu(t) — v (1)l
0<t<T

< lim sup [[u™(t) = p™ ()%
N—oo 0<t<T

< lim sup WV} + lim sup [[w¥ ()%
—00 0<t<T 00T

=0
Thus we have shown that (u(t), Z(t))=(v(t),o(t)) a.s. for all t € [0, T]. O
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4.5 An Improvement on the Terminal Value

For all £ € L% (Q; H), we know that [|£[|3; < oo a.s.. Then for all n € N, we define

(

§(w) if [|€llg<n
W) = @fw) i < [¢]ln < oo
0 if ([l = o0

Then ||€||z < n. From Theorem 4.3.6, there exists a unique adapted solution

(u™(t), Z"(t)) for

du™ (t) = —vAu"(t)dt — B(u"(t))dt + £(t)dt + Z"(£)dW (t)
(4.5.1)
u'(T) =¢"

Proposition 4.5.1. Assume that § € L% (Q; H) and f € L*(0,T;V’). For any
n € N, let (u(t), Z"(t)) be the solution of (4.5.1). Then {(u"(t), Z™(t))}5>, is

Cauchy in L%(Q; L*(0,T;V)) x L%(Q; L*(0,T; Lg)).

Proof: For any n, N € N, let u™" () = Pyu™(t), Z»N(t) = PyZ"(t) and £¥N =

PnE™, then
du™M(t) = —vANuN (t)dt — BN (u(¢))dt + £V (t)dt + 2N (t)dW (t)
u”’N(T) — fn’N

Since AY is Lipschitz, there exists a unique adapted solution ((x™(t), Y™ (t))

of

dx"N(t) = —vANx"MN (t)dt — BN (u™N (t))dt + £V (t)dt + YN (8)dWN (t)

Xn,N(T) — gn,N
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From the proof of Theorem 4.4.2, we know that

T
lim ( sup [Ju™"(t) —x™(t)||} + E/ 12 (s) = Y™ (s)II1, ds
0

N—oo o<i<T

LB /0 N (5) — x ()2 ds) = 0 (4.5.2)

Let

Then for any m,n € N,

(

dwm N () =~y ANwm (£t — (BN (N (1)) — BN (unN (1)) dt
+Y N () dW N (t)
ka’n’N(T) — gm,n,N

Applying the It6 formula to ||[w™™N (¢)]|%,

[w ™™ N (@)]|7 = I1E™" N 1%
T
+ 2/ AN W™ (5) + (BY (u™ N (s)) = BY (0" (s))), w N (s)) v vds
tT T
9 / (YN () dW (s), W (s)) g — / [y mand (5|2, ds (4.5.3)
t t
From Lemma 4.3.4, it follows that
|(BY (0™ (s)) = BY (™ (s)), w™™ " (s)) 4]

1 1 1 1
<C (™ ()l ™ ()15 + [a™™ ()1 0™ ()] )
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™ (s) = um Y () [ [ (s) — N () [[FIlwT Y () v
<CAn (0™ (s)llzr + 0™ () [ ) 0™ (s) — 0™ () | W™ ™ () |

<l (s) —u Y ()13 + K (myn, N)|lw™™ (s)][%

where K(m,n,N) is a constant which is related to m, n, N and T

Thus for 0 <r <t <T, (4.5.3) becomes

T T
E5 lwmm ()[4 + B / |y meN ($)|2 ds + B / [N ()12 ds
t 0

T
<E7|lg™™ G + 2vAn + Ay + 2K (m, n, N)) / B |lw™m N (s)|I3ds
t

1 T
1L g / ™ (s) — w™N (s) |2y ds
0

Applying Gronwall’s inequality and letting r = ¢ yield

T T
I N ()], + B / YN ()2 _ds + B / ™ () [2.ds
0 0

OB+ g B[ () () s (45.4)
0

From (4.5.4), we know that

1

T T
SE [ (s~ w)lfds < B [ un(s) - (o) s
0 0

T
+T sup [u™ (1) = x" V(0| + E / ™ (s) = x™ () | 7rdls
0<t<T 0

T
+T sup u™™ (1) —x"N (1|7 + E/ lu” (s) — u™"(s)|[3ds
0

0<t<T

T
SE/ [u™(s) — u™(s)|[3rds + T sup [[u™ (t) — x™(8)]%
0 0<t<T

T 1 T
B [ B s+ 6B [ () - w5y
0 0
T
ST s [ (0 =N O+ E [ ) -t o) s
0<t<T 0
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Obviously, for any m € N,

T
lim E/ [u™(s) — u™"(s)||%ds =0
0

N—o0

By Lebesgue dominated convergence theorem, we know that

10

N—oo

T
—2F / E7s
0

Thus combined with (4.5.2), one gets

T T
1
lim (2 / EFemn |2 ds 4 —F / [0 (5) — u™N (5) |2, ds)
0 0

& = s+ 5B [ I (s) = (o)

1 g m n 2
s B [ llu™(s) —u(s)l[ds
0
T 1 T
ng/ Efs||§m—§”||§qu+EE/ [u™(s) —u"(s)|| % ds
0 0

The Lebesgue dominated convergence theorem implies

T
lim E/ B |€m — €M|3ds = 0
m,n— 00 0

Thus

T
lim E/ ™ (s) — u(s)|%ds = 0
0

m,n—00

Similarly, one can show

m,n— 00

T
lim E/ 127(s) — Z7(s)|I2, s
0

and

T
lim E/ 0™ (s) — u"(s)|[2ds = 0
0

m,n—00
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Theorem 4.5.2. Assume that § € L% (Q;H) and £ € L*0,T;V’). Then the
Navier-Stokes equation (4.1.3) admits a unique adapted solution (u(t),Z(t)) €

LE( L*(0, T3 V) N L0, T; L3( H)) x LE(Q5 L0, T L))

Proof: Step 1: First let us show the existence of a solution. For any n € N, let
(u(t), Z™(t)) be the solution of (4.5.1). Then by Proposition 4.5.1, we know that

there is (u(t), Z(t)) € L%(Q; L*(0,T;V)) x L%(Q; L*(0,T; Lg)), such that
u"(t) —u(t) strongly in L%(; L*(0,T;V))

and

Z"t) — Z(t)  strongly in L3(2; L*(0,T; Lg))

Since A is continuous, we also know that
Au"(t) — Au(t)  strongly in L% (9 L*(0,T;V"))
Similar to Step 2 of Theorem 4.3.6, we can show that
T T
/ Z"(s)dW (s) — / Z(s)dW (s)  strongly in L%(Q; L*(0,T; V"))
t t

an

d
T T
/ Au"(S)ds—>/ Au(s)ds  strongly in L%(; L*(0,T; V"))
t t

Clearly, " — ¢ strongly in L%(Q; L*(0,T; V"))

Let
Y (t)dt = —du(t) — vAu(t)dt + f(t)dt + Z(t)dW (t) (4.5.5)
and

G(t) =u(t) — &(t) — /t vAu(s)ds —{—/t f(s)ds —i—/t Z(s)dW (s)
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Then

T T T
u"(t) —&"(t) — / vAu"(s)ds +/ f(s)ds +/ Z"(s)dW (s) — G(t)
t t t

in L2(Q; L*(0,T; V")) and G(t) = [ Y(s)ds

Let r(t) = C—Vg [5Iv(s)||2ds for any v € L®(2 x [0, T]; V). Apply Ito’s formula
to e ]u (#)[[3, we get

T
e DI — [u"(0)lF = —/O F(t)e" |l (t)||dt

/0 O Au (1) + B (1)) — £(t), 0 (1)) vt
22 [ ez oy ). av o+ [ ezl
/0 e AW (1) + B (1)) + 5 F( 0 (1), 0 (1)t

+2 [ e TO(R(), u" () vt + 2 /0 e "2 () (" (1)), dW (1)) 1

i
[ ezl
Now by taking expectation, we get
T
B~ Bl O — 28 [ O, w )i
. 0
B /0 e O 27(1) |2 dt (4.5.6)
1

Y /O O AW (1) + B (1)) + SO (1), 0 (1) vt

Similarly, by (4.5.5) and apply Itd’s formula to e™"®||u(t)[|%,, we get
T
Blla(O)Fy ~ B¢l + 28 e e(0), ut)) v
0
T
+ E/ eV Z(t)|7, dt (4.5.7)
0

=y / " WA + Y (1) + SF (), u(e) v vt

80



Taking the limit, (4.5.6) becomes

lim {2 /0 O (AW (1) + B (1) + S0 (), u(£))vr v dt)

n—oo 2

T
—El[u(0)|%, — EeD|je|, + 2B / e E(1), u(t))yydt
0
T
+ E/ eV Z(1)|7, dt (4.5.8)
0

oy / " O AR(®) + Y () + %f(t)u(t), a(t))yr vt

Now by Corollary 4.3.3, we have

E /0 O (WA (v(t) — u'(t)) + B(v(t)) — B (#))

+ %f(t)(v(t) — W (1)), v(t) — u(#))yrydt > 0

Hence

E / O AW (1) + B (1)) + LA (1), V(1) — (1))t

SE/0 e "D (VAV(t) + B(v(t)) + %f(t)v(t), v(t) —u"(t))y vdt

Now we take the limit and by (4.5.8), we get

E /0 O (yAU(E) + Y () + %f(t)u(t), v(t) = u(t))yr vt

<E /0 e (WAV(t) + B(v(t)) + %f(t)v(t), v(t) —u®))yyvdt  (4.5.9)

Since L=(Q2 x [0,T);V) is dense in L%(2; L*(0,T;V)), (4.5.9) is true for all
v(t) € L%(Q; L*(0,T;V)). Now we take v(t) = u(t) + Aw(t) for any w(t) €

L>*(Q x [0,T);V) and A > 0. Then

E/o (r(t)w(t), w(t))y: vdt
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=) / #(0) [w(t) |t

T
C
<E(sup [w(t)|% / “G )y (t))2.ar)
0<t<T 0 vV

2 gyer 2
<sup[w(t)|}E [ “C|v(e)lfdt < o0
7w 0
Thus (4.5.9) becomes

E / ' eIV (t) — B(u(t) + Aw (1)), Aw(t))yr v dt

T
SE/ e "D \vAW(t) + %f‘(t)w(t),)\w(t»‘//ydt
0
Cancelling A, and using the fact that

(B(u(t) + Aw(t)), w(t))v.v
= — (B(u(t) + Aw(t), w(t)), u(t) + Aw(t))y v
=— (B(u(t) + \w(t),w(t)),u(t))v v
= — (B(u(t),w(t)),u(t))v,v — MB(w(t), w(t)),u(t))v v

=(B(u(?)), w(t))v.v + AMB(w(t),ult)), w(t))v.v,
we get

E / e O (1) — B(ut)), w(t))y vt

gAE/O e "D (wAw(t) + B(w(t),u(t)) + %f(t)w(t),w(t))v/,vdt

Now we let A — 0. Since the right hand side of the last inequality is finite, we
get

E / " O (1) — Blu(t)), w(t))v vt < 0

for all w(t) € L>(Q x [0,T];V)
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Hence Y (t) = B(u(t)) P-a.s. and (u(t), Z(t)) is a pair of solution of (4.1.3).

Similar to the proof of Proposition 4.2.1, one can show that

T
I ()1 < 2B7 (€)% + 4 / 1£(s)12ds
for all n € N. So

sup Ellu"(t)[|7 < oo
0<t<T

for all n € N. Thus we have shown that u € L>(0,T; L%(Q; H)) and the proof of
the existence of a solution is complete.

Step 2: Now let us show the uniqueness of the solution. Suppose that there is
another pair of solution (v(t),Y(t)) € L%(Q; L*(0,T;V)) N L>=(0,T; L%(Q; H)) x
L%(Q L2(0, T Lg)).-

Let (u™™(t), Z»N(t)) be the solution of

(

du™N(t) = —vANuN(t)dt — BN (u(t))dt + £V (t)dt
+ZN () dWN (t)

un,N (T) — gn,N

\
where N =Py¢n.

Clearly,

N—oo

T
lim E / [ (s) — u™N (8|2 ds = 0 (4.5.10)
0

and by Proposition 4.5.1,

T
lim E [ |lu(s) —u"(s)|[i-ds =0 (4.5.11)

n—oo 0
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Let pV(t) = Pyv(t) and YN (t) = PyY(t), then

do™(t) = —vANpN(t)dt — BN (v(t))dt + £V (t)dt
+YN(t)dW (t)
AT = &Y

Let (x™N(t), Y™¥(t)) be the solution of

(

dx™N(t) = —vANx"N(t)dt — BN (pN (t))dt + £V (t)dt

FY N (4)dW N (8)

Xn,N (T) — gn,N

and let w™N (£)=p" (t) — x»N(t) and o™V (¢)=YN(t) — Y™V (t), then
dw™N(t) = —vANwmN(t)dt — (B (v(t)) — BN (pN(t)))dt
+o™ N () dW (t)

Wn,N(T) — é—N _ gn,N

\

The It6 formula yields
T
W™ ()17 +/ lo™ (s)][7ds = (1€ — €™M
t
T
+2/ (AW (s) + (B (v(s)) = B (p" (5))), w" N (s))vr,vds
t

- Q/t (o™ N (s)dW (s), w™ (5)) i (4.5.12)
First, we have

[(BY(v(s)) = BY(p"(5)), w" ¥ (s))vv|
=[(BY(v(s)), W™ (s))vry — (B (p™ (), W™ (s))vr.v|

= — (BY(v(s), w""(s)), v(s)hvv + (B (p" (), W™ (s)), o™ (s))v,v
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—[ — (BY(v(5), W (), " () v + (BY (0 (), ™ (5)), 0V (5) )y
=|(BY (0 (s) = v(s), W™ (5)), o™ ()|

<Cllp"(s) = v() 110" (5) = VI ()lIv o™ ()15 o™ ()]
<20\ M IV 110" (5) = v(s) 12w (s) v

1
2
\%4

For 0 < r <t < T, we take the expectation in (4.5.12) and apply the above
inequality to get

T
B w0 + B [ oY ) s
t
T
B =+ 20ax [ BT w9

HAOVAE [ IV 6) ~ v () s

T
<EP (N — &N 4 20An (A + 1) / E5lw™ (s) 3 ds
T t 1 T 1
4O {ET / V()[4 110N () — vis)llvds} { / E5|lw™ (s) |2 ds}
r t

Let

Oé(N) = QV)\N()\N + 1)

and

—40\/_{Ef’“/ v ()™ (s) = v(s)llvds}?

Similar the proof of Theorem 4.4.2, one obtains

T
E5 W™ (1)|13 + B / lo™(s) 2, ds
t

T (N
<EREY - V4 20(N) [ BRI 0lEds +
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Since v(s) € L%(Q; L*(0,T;V)) N L>=(0,T; L%(Q; H)), there is the integrability

to apply Gronwall’s inequality. Then,

T
E5lwN ()% + B / lo™ ()12, ds
t

Fr|| ¢ N n,N ﬁz(N)
<2E7T||€7 =€ ||§1+W

Letting r = t, and taking the limit, by Lebesgue dominated convergence theorem,

T
lim { sup |[w™" ()| + E/ ||J"’N(3)H2Lst} =0 (4.5.13)
0

N—oo "g<y<T

Let WV (t)=u™N (t) — x»N(t) and 6™ (t)=2"N(t) — Y™V (t), so that

dw™N (t) = —vANWN () dt — (BN (u™(t)) — BN (pN(t)))dt + 6™V () dWN (t)

wN(T) = 0

By (4.4.3), we know that OquTHX”’N(t)HH < C(n) for a constant C'(n) which is
dependent only on n. Thus it_;; clear that OTE)TH\TV”’N (t)]|m < C(n)

Since

LSS O = (a5 (0,97 (O

:<ANV~Vn’N(t>, dVNVTL’N(t»V/,V = <dV~Vn’N(t>, AN\XIn’N(t»H
AN (1), AN (1)t — (B (' (1)) — B (0 (1)), AN (1) et

+ (&N (&) daWw N (1), ANw"N ()
we have

T
IV =2 [ vIAT Y6 s
t

(BY (u"(s)) — B (p"(s)), ANW"N (5)) yds (4.5.14)

("N (8)dW N (s), ANw™ N (5)) i

+ 2

-2

J
J
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The following notation is introduced:

Ky (n, N ) =l (01 [0 0112 + [N @O 20 (6)]1
Ka(n, N, ) =¥ O 110N ()11 + 11 (012 15N ()12
Ko, N, t) =[N @121 )12 + o™ (Ol 10" (0112
Ka(n, N,t) =K2(n, N, D)l (£) — 0N (0)| [ (1) — wN (1)

+ K5 (n, N ) [w™ | [ w™ |y

By Lemma 4.3.4,

(BN (u () — BY (0" (1)), ANw"N (1))
<|(BN(w"(1)) — BY (N (1)), ANw" (1)) ]
T IBY (N (1)) — BY (N (1)), AN (1)) |
T+ BY (Y (1) — BY (0N (1)), ANSV ()
<CE (n, N, [ANSN (@)l [ (6) — Y (0) | (1) — ™V ()12
+ O, N O ANS"N (1) [ () %7 (1) |2
OB, N, )| ANS @)y [l () [w™ (1)
<CIAYSN (0)[} + K3 (n, Nt [[u (5) — u (0) [l (1) — 0 ()
T+ CIANT N @I () + K3, N[N (1)

+ CIIAYW" N (O + K3 (n, N )W () [ [[w™ ()| v

<(2C + C)NYIIW™ M3 + K5 (n, N, )| W™ (t) ||y + Ka(n, N, t)

Denote
a(n, N) = (4C +2C(n) + 2v) Ny,
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and
T 1
B(n, N) :2{Efr/ K3j(n,N,s)ds}z.
0

For 0 < r <t < T, taking the conditional expectation in (4.5.14), and based on

the above inequality, it is easy to obtain
T
B (01 < aln,N) [ B 5 () s
t
T T
+ 2B / K2(n, N, 8)|[%" (s)|[v-ds + 2B / Ki(n, N, 5)ds
t 0
T T
<op* / Ki(n, N, 5)ds + a(n, N) / EP 5N (s)|%.ds
0 t
T 1 T 1
2B [ RN [ B ) s}
0 0

T T
_op* / Ki(n, N, 8)ds + a(n, N) / EP 5N (s)|.ds
0

t

T 1
T B, N){ / B [N (s) |2 ds)

T T
ngfr/ K4(n,N,s)ds+2a(n,N)/ E7r||w™N (s)||3 ds
0 t

#(n, N)
4a(n, N)

Here the technique used to get the last inequality first appeared in the proof of
Theorem 4.4.2.

Clearly K4(n,N,t) is integrable for all n,N € N, and B(n,N) < K(n) for
some K (n) independent of N. Thus we have the integrability to apply Gronwall’s

inequality, and

2 N) T
EF N 2, < 2 N) 4Eﬂ/ Ku(n. N.s)d
W ()”V_2a(n,]\/')+ i 4(n, N, s)ds

Letting r = ¢, and taking the limit, by Lebesgue dominated convergence theorem,

lim sup [W™" ()|} =0 (4.5.15)

N—oo g<t<T
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for all n € N.

Finally, by the definition of p™V(t), it is easy to see that

lim E/o N (s) — v(s)||3ds =0 (4.5.16)

N—oo

Since

E / lu(s) - v(s)|[3ds = E / lu(s) — u"(s)|[3ds
L E / [ (s) — w™ (s)|[3ds + B / ™ (5) — XN ()3, ds

L E / 5 (5) — p(s) s + B / 107 (s) — vi(s) s

By (4.5.11), (4.5.10), (4.5.15), (4.5.13), and (4.5.16), we get

E / lu(s) - v(s)|%ds = 0

So u(t) = v(t) P-a.s.. Thus we also have Z(t) = Y (t) P-a.s. and the proof of

uniqueness is complete. O

4.6 Continuity of the Solution
Theorem 4.6.1. Let the conditions in Theorem 4.5.2 hold. Then the solution
(u(t), Z(t)) is continuous with respect to the terminal value and the external body

force.

Proof: Let &,& € L% (4 H) and fi,f, € L*(0,T;V’). Let (u(t), Z(t)) be the
solution of (4.1.3) with respect to terminal value &; and external force f;, and we
define (u™(t), Z"(t)) and (™" (t), Z™"(t)) as in Theorem 4.5.2.

Let (v(t),Y(t)) be the solution of (4.1.3) with respect to terminal value & and

external force f, and we define (v"(¢), Y"(¢)) and (v (¢), Y™ (¢)) similarly.
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Let wN (t)=u™N(t) — v?¥(¢) and o™ (t)=2"N(t) — Y™V (t), then

dw™N(t) = —vANwN () dt — (BN (un(t)) — BY (v (t)))dt
+(EN () — £V (#))dt + o™ N (1) dW (1)
(W M) = gt -

Applying 1t6’s formula to ||w™¥(¢)||% and taking conditional expectation with
respect to r € [0, ¢],

T
E7 w5 + B / lo™ ¥ (s)|17,,ds = B7 167" — & I
t
T
+ 2E7r / (VANwW"N(s) + (BN (u"(s)) — BN (v"(s))), w" N (s))yrvds  (4.6.1)
t

T
—2F7r / £ (s) — £37(s), w™ N (s))ypds
t
By Lemma 4.3.4 and the fact that u"(¢), v"(t)€L>(2 x [0,T]; H), one obtains
[(BY(u"(s)) = BY(v"(s)), W™ (s))v,v|

<C (")l ()15 + v () IV () Tw™ () 7 [Tw™ ()
<CA(Ju($)F + IV ()W (s) ]

Thus (4.6.1) becomes

T
n r n, r n,N n,N
E7r||lw ’N(t)||?{+Ef/ lo™¥ (s)l|7ds < E7 (€7 — &7 (I
t

T T
+ / 169 (s) = £5(5)|2ds + (20hw + A2) / B
t t

W (s) |3 ds

3 T 1 1
+ QCAJQ\/EE/ () IE + v )WY (s)] ads
¢

Similar to Step 2 of the proof of Theorem 4.5.2; it follows that

T
i {[[w" (@)]]7 +E/O lo™ ()17, ds}
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T
<2 Jim (B =+ [ 16V (6) ~ 810 )

0
Using the Lebesgue dominated convergence theorem and the monotone conver-

gence theorem, we get

T

T
E / Ju(t) — v(t)|3dt + TE / 12(s) = Y (5)]2, ds
T T
<2 / { / 1£1(5) — Ba(s)|[2dds + E(E & — &%) bt
T
<27 [ () = £)ds + 2TEl6: - el
0

and this completes the proof. ]
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